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Abstract

In thisworkweaddresstheproblemof computingpoint-
basedsurfaceapproximationsfrom point clouds. Our ap-
proach is basedon recentlypresentedmethodsthat de�ne
theapproximatedsurfaceasthesetof stationarypointsfor
an operator that projectspointsin the spaceonto the sur-
face. We presenta novel projection operator that differs
from the de�ned in previouswork in that it usesprincipal
curvaturesanddirectionsapproximationandananisotropic
diffusionequationto ensure an accurateapproximationto
thesurface. We showhowto estimatetheprincipal curva-
turesand directionsfor point cloudsand discussthe use-
fulnessof thecurvature informationin thecontext of point-
basedsurfacemodelingandrendering.

1 Intr oduction

Point-basedmethodsfor modeling and renderingsur-
facesfrom point clouds have beenaddressedby various
authorslately [15]. Alexa et al. [5, 6] and Zwicker et
al. [24] presentedpoint-basedsurfaceapproximationmeth-
odsthat de�ne the approximatedsurfaceasthe setof sta-
tionary points for an operatorthat projectspoints in the
spaceonto the surface. Both approachesapproximatethe
surfacelocally by �nding a polynomial approximationto
the surfaceon a local orthonormalcoordinatesystemnear
the point to be projected. Zwicker et al. madeuseof the
weightedleast-squares methodboth for �nding the local
coordinatesystemandthe local polynomialapproximation
to the surface. On the otherhand,Alexa et al. usedmov-
ing least-squares to �nd the local coordinatesystemand
weightedleast-squaresto calculatethepolynomialapprox-
imation. Theseapproachespresenta numberof interesting
features,suchasthefactthattheapproximatedsurfacesare
meshlessandlow-frequency noisefree.

We proposea novel projectionoperatorfor computing
point-basedsurfacesbasedon the approximationof prin-
cipal curvaturesand directionsand an anisotropicdiffu-

Figure 1. Rendering of the point-based sur -
face appr oximation for the Dragon dataset
obtained with the projection procedure pro-
posed in this work.

sion equation.We usethe curvatureinformationto de�ne
the local polynomialasa non-completequadraticfunction
without loosingaccuracy in the local approximation.The
anisotropicdiffusionequationis usedto de�ne thepoint on
thesurfacewheresuchquadraticpolynomialis calculated.
The anisotropy in this equationhelpsus preserve the ge-
ometryof the original surfacesincethis equationis based
on directionalcurvatures.Therefore,we show how to esti-
matethe curvatureat any point on the surface,which is a
further contribution of our approachsincethe curvatureis
useful for the analysisof both quantitative andqualitative
characteristicsof thesurface[23]. For this,wemodi�ed the
curvatureestimationmethodby HuangandMenq [13] to
introduceweightsin orderto improvetherobustnessof the
method. This weightswerecarefully constructedandare
speci�c to ourproblem.

Thefactthatthelocalapproximationis de�nedasanon-
completequadraticpolynomialcanhelp decreasethe pro-



cessingtime of algorithmsthat performintersectioncom-
putationssuchasray-tracing.For renderingthesurfacesde-
�ned by our operator, we usetheray-tracingalgorithmfor
point-basedsurfacedevelopedby AdamsonandAlexa [2].
We describehow the intersectioncomputationmust be
modi�ed to �t ourprojectionoperatorandusethisray-tracer
to demonstratethe quality of the approximationsobtained
(seeFigure1 for anexample).We comparetheresultsob-
tainedusingthemethodpresentedwith theresultsobtained
usingmoving least-squaresasin thework by Alexaetal.

2 Relatedwork

As mentionedbefore,Alexa et al. [5, 6] and Zwicker
et al. [24] developedapproachesbasedon projectionop-
eratorsfor generatingpoint-basedapproximatedsurfaces
from point clouds. Basedon this work, Amentaand Kil
performedan analysisof both the weightedandthe mov-
ing least-squaresstrategies, presentinginterestingresults
about their domain [8]. Such resultswere usedby Te-
jadaet al. [22] to de�ne a `predictor-corrector'projection
schemefor extractingpoint-basedsurfacesfrom volumet-
ric data. AmentaandKil alsoproposedan alternative ap-
proachbasedon anintegral formulation[8]. Adamsonand
Alexa [1] de�ned an implicit function for approximating
surfacesfrom point cloudsbasedon the work by Alexa et
al. [5].

Although thesemethodsare able to dealwith low fre-
quency noise,they canfail whenhigh frequency noiseand
outliersarepresentin the data. Fleishmanet al. [10] pro-
poseda robust point-basedstrategy basedon the statisti-
cal framework known asforward-search. Suchstrategy is
ableto dealwith high frequency noiseandto detectsharp
corners. Reuteret al. [19] presenteda methodbasedon
theenrichedreproducingkernelparticleapproximationfor
preservingsharpcornerswith equally good resultsas the
obtainedby Fleishmanet al. Althoughbothmethodswork
well even for noisy data,they have a high computational
costandrequireuserinterference.

Curvaturesandprincipaldirectionsestimationfor regu-
lar gridsandpolygonalmesheshasbeenextensivelystudied
in both the qualitative andthe quantitative cases.Maltred
andDaniel[17] presentedasurvey onclassicalwork oncur-
vatureestimationanda classi�cationbasedon therequire-
mentsandconstraintsof themethodsdescribed.Although
therearemany methodsfor estimatingprincipalcurvatures
anddirections,almostall of themneeda mesh. Only re-
cently, effective methodsto estimatecurvatureinformation
directly from point setswerepresented[4, 23,16, 13].

Tong and Tang [23] presenteda robust curvature es-
timation methodbasedon adaptive curvature tensorsby
meansof tensorvoting. In addition, they presentedan
analyticalcomparisonwith classicalandef�cient methods

with respectto their input (point clouds or mesh mod-
els), their requirements(geometricalmeasures)and their
outputs (quantitative or qualitative estimations). Lange
and Polthier [16] adaptedthe well known mesh-oriented
methodby Taubin[21] to thepoint cloudcontext. In their
work, theauthorsusedsuchadaptedmethodtogetherwith
an anisotropicdiffusionequationfor removing noisefrom
pointcloudswithoutsmoothingsharpcorners.

HuangandMenq [13] proposeda curvatureestimation
methodbuilt upon the least-squaresschemeand the Eu-
ler's theoremfrom differential geometry. Although the
methodwasproposedto locally optimizeunstructuredsur-
facemeshes,it is alsosuitablefor point clouds.We derive
ourmethodfrom thiswork, sinceit canbeeasilyadaptedto
supportweightingfunctions,which is an importantcondi-
tion for thequality of themodelsgeneratedby point-based
techniques.

3 Weightedand moving least-squares

Traditionally, authorsdescribepoint-basedtechniques
by meansof minimizationsof squaredsums[24, 6,19]. We,
on the otherhand,optedfor describingour methodbased
on thenormalequationapproach[20]. To thatend,we de-
scribe�rst thetraditionalformulationof weightedandmov-
ing least-squaresfor polynomialapproximationfor sake of
understandingandcontinuityin thedescription.

Let us considera �nite set of n points P = f pi =
(x i ; yi ; zi ) : pi 2 R3g. We aim at building a function f
that bestapproximatesP. The standardleast-squaresfor
solvingsuchtaskminimizesthe following overdetermined
system:
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whereb(pi ) is the applicationof pi = (x i ; yi ) on a ba-
sis of functionsb and ci are the coef�cients of the poly-
nomial approximationdeterminedin function of zi . For
instance,if we want to approximateP by a plane, we
chooseb = [1 x y]. On the otherhand,if we want to ap-
proximateP by a completequadraticpolynomial,we use
b = [1 x x2 y y2 xy].

Boththeweightedandthemoving least-squaresmethods
are formulatedby multiplying a weightingmatrix to both
sidesof System1 in orderto forcesomepointsto havemore
in�uence on the solution. Let us considerthe weighting

2



matrixbuild uponthesetP:
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1

C
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; (2)

wherewechoosew asamonotonicallydecreasingfunction
suchthatw(p;pi ) ! 0 whenjjp � pi jj ! 1 . Thus,points
nearp havemorein�uence thandistantpoints.Theoverde-
terminedsystemwith weightsbecomes:

[W ][B ][C] = [W ][Z]: (3)

Therefore,the normal equation,which is the one that
minimizesthesumof the squareddifferencesbetweenthe
left andright sidesof System3, is givenby:

([W ][B ])t [W ][B ][C] = ([W ][B ])t [W ][Z] ( )

( ) [B ]t [W ]2[B ][C] = [B ]t [W ]2[Z]: (4)

The main mathematicaldifferencebetweenweighted
least-squaresandmoving least-squaresis basicallydue to
p. In the caseof point-basedsurfacesapproximatedusing
least-squaresmethods,if p is anestimated�x edpoint,Sys-
tem4 becomeslinearandtheproblemturnsinto aweighted
least-squaresformulationwhereunicity of thesolutioncan
beensured.On theotherhand,if p is unknown (aswell as
thecoef�cients in [C]), System4 becomesnon-linearturn-
ing into a moving least-squaresformulationwhereunicity
of thesolutioncannotbelongerensured.

Theleast-squareschemeto estimateprincipaldirections
and curvaturespresentedin the next sectionis developed
usingalsothenormalequation.However, our formulation
is built uponEuler's theoremandtheweightingfunctionis
no longermonotonicallydecreasing.

4 Principal dir ections and curvatures com-
putation

Thedirectionalcurvaturesat a point p on a smoothsur-
faceM are de�ned in termsof the curvaturesof smooth
curves on M containing p. The minimum and maxi-
mum directionalcurvaturescomputedfrom the curvesare
calledprincipal curvaturesand their respective directions
arecalledprincipal directions. Oneimportantresultis that
principaldirectionsareorthogonalat p [9].

The Euler's theoremfrom differential geometrystates
thateverydirectionalcurvaturein p 2 M canbedescribed
asa function of its principal directionsandcurvatures[9].
Moreformally, let usde�ne theprincipaldirectionsandcur-
vaturesat p as� p

1 and� p
2 , and� p

1 and� p
2 respectively. The

Euler'stheoremstatesthatthecurvatureatp in thedirection
� is givenby:

� p(� ) = � p
1 cos2(� ) + � p

2 sin2(� ); (5)

where� = cos(� )� p
1 + sin(� )� p

2 .
Let us considerthe approximatedtangentplane T in

p, wherewe de�ne a local orthonormalcoordinatesystem
f t1; t2g with origin in p (Figure2). Wecomputetheprojec-
tions ~pi on T of the neighborspi of p, de�ning the direc-
tions� i . By sortingsuchdirectionscounterclockwisely, we
obtaintheangles� i from t1 to ~pi . Let usalsodenoteby � i

thecounterclockwiseanglefrom theprincipaldirection� p
1

to � i .
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Figure 2. Estimating directional cur vatures
on the appr oximated tang ent plane at p.

We canapproximatethedirectionalcurvatureby:

kp(� i ) �
2 < np; %i >
< %i ; %i >

; (6)

wherenp is thenormalvectoratp and%i = pi � p for pi in
the neighborhoodof p. This discretedirectionalcurvature
hasbeenusedin several othermethodsfor curvatureesti-
mation[13, 16, 21, 23]. Thefollowing nonlinearoverdeter-
minedsystemis obtainedfrom theEuler's theoremandthe
directionalcurvaturesapproximation(Equation6):
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1
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A

; (7)

where� i = � 1 + � � i and� � i = � i � � 1 = � i � � 1.

3



In order to obtaina linear system,we follow the work
by Huang and Menq [13] and set 
 1 = � p

1 + � p
2

2 , 
 2 =
� cos(2� 1)(kp

2 � kp
1 ) and 
 3 = sin(2� 1)(kp

2 � kp
1 ), pro-

ducingthefollowing overdeterminedlinearsystem:
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Therefore,thenormalequationfor System8 becomes:
0

B
B
B
B
B
B
B
B
@

m
mX

i =1

ci

mX

i =1

si

mX

i =1

ci

mX

i =1

(ci )2
mX

i =1

ci si

mX

i =1

si

mX

i =1

ci si

mX

i =1

(si )2

1

C
C
C
C
C
C
C
C
A

0

@

 1


 2


 3

1

A =

0

B
B
B
B
B
B
B
B
@

mX

i =1

�̂ i

mX

i =1

�̂ i ci

mX

i =1

�̂ i si

1

C
C
C
C
C
C
C
C
A

;

(9)
whereci = cos(2� � i ), si = sin(2� � i ) and �̂ i = � p(� i ).
Thus, the principal directionsandcurvaturesare straight-
forwardlyobtainedfrom 
 i ; 1 � i � 3.

Although HuangandMenq statethat the methodis ro-
bust for noisy data,we only achieved robustnessfor our
problemby addingsuitableweights. To that end,we de-
�ned the weightsw i = (w(jjpi � pjj ))2, wherew is an
“M”-lik e function.For our problemwe used:

w(x) = x2&e� x 2

h 2 ; (10)

where& 2 N� andh is a smoothingparameter[6]. That
way, we modi�ed the normalequationasin the following
expression:
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Theuseof an“M”-lik e functionis very importantto ob-
tain goodresultswith our method. This is dueto the fact

that the directionalcurvaturesobtainedby Equation6 are
dependenton the position of the points and their normal
vectors[13]. Figure3 depictsan exampleshowing how a
small perturbationin the position of point p, represented
by a square,canproducea quitedifferentsolutionwith the
originalmethodby Huang.

Figure 3. Results from the method by Huang
and Menq [13]. A small per turbation in the
position of the point can produce consider -
ably diff erent cur vature and direction appr ox-
imations (represented by the arrows).

In the“M”-lik efunction,x2& controlsthein�uenceof the
pointscloseto p on thesolution.Thelarger&is, thesmaller
the region aroundp which will have signi�cant in�uence
in the solution is. The exponentialmemberof the func-
tion maintainsthesamebehavior of thetraditionalGaussian
function[7]. Wepresentexamplesof graphsof thisfunction
in Figure4 with differentparametervalues.

UnlikeaGaussianweight,usuallyemployedin previous
work [5, 6, 24, 1, 7], the“M”-lik e functionis ableto solve
theproblemdepictedin Figure3. Thiswill beshown in the
next sectionafterthedescriptionof thesurfaceapproxima-
tion procedure.

5 Projection and renderingprocedures

As mentionedbefore,traditionalpoint-basedsurfaceap-
proximationtechniquesde�ne theapproximatedsurfacefor
agivenpointcloudasthesetof stationarypointsfor acare-
fully designedprojectionoperator. Thisway, theinputpoint
cloud canbe re-sampledby projectinga suf�ciently large
numberof pointsfrom its neighborhoodonto the approxi-
matedsurface. With this procedurea densesamplingthat
coverstheimagespaceconsistentlycanbeobtained.

In this sectionwe describea new projection operator
derived from the theory discussedin the previous section
on theestimationof principal directionsandcurvaturesby
meansof weightedleast-squares.For this,wemakeuseof a
resultfrom differentialgeometrywhichstatesthatasurface
canbede�ned locally (in theneighborhoodof p) by:

g� (� ; � ) =
1
2

�
� p

1� 2 + � p
2� 2�

; (12)

where(� ; � ) is in thelocalcoordinatesystemde�nedby the
principaldirectionsatp. However, this localapproximation
is valid only for pointson the surface. This fact doesnot

4



Figure 4. Examples of “M”-like function graphs. From left to right: h = 2 and &= 1, h = 1 and &= 1,
and h = 1 and &= 2.

allow usto de�ne a polynomialat a point near(but not on)
the surfaceasdonein previous work [6, 24]. In order to
avoid thisproblem,weuseaschemeto movepointsnearthe
surfaceonto it. The schemewe usefor this wasproposed
by LangeandPolthier[16] for removing noiseby moving
the points in a point cloud. The authorsmake useof an
anisotropicdiffusion equation,which is useful to preserve
sharpcorners.

Let usconsiderthediffusionequation:

@p
@t

= � � p; (13)

where� p =
�

@2 p
@x 2 + @2 p

@y 2 + @2 p
@z2

�
is theLaplacianof p, �

is thediffusivetermandp is thepositionof p at timet [12].
We approximatetheLaplacianby theumbrellaoperator:

~� p =
1



mX

i

! i � (pi � p); (14)

where! i = 1
jj pi � p jj 2 and
 =

P
! i .

Theexplicit forwardEulermethodfor discretizingEqua-
tion13leadsto thetraditionaliterativeGaussianformulafor
smoothingdata:

pn +1 = pn + �� t ~� pn : (15)

It mustbe observed that �� t mustsatisfythe time step
conditions[12]. LangeandPolthiermodi�ed thetraditional
umbrellaoperatorto obtainan anisotropicoperatorby in-
troducinga suitablereal functionwhich offers information
relatedto the shapeof the object. This operatoris ableto
moveapointontothesurfacefairly. TheanisotropicLapla-
cianbecomes:

~� � pn =
1



mX

i =1

� i � (pi � pn ); (16)

where� i is arealfunctionwhichdependsonthedirectional
curvatures(Equation6) at pn . LangeandPolthierargued

for the useof one of the following functionsfor a given
threshold" :

� i =
�

1; if j� p n
(� i )j < "

0; if j� p n
(� i )j � " ;

(17)

� i =

(
1; if j� p n

(� i )j < "
� 2

� 2 +10( j � p n ( � i ) j� � )2 ; if j� p n
(� i )j � ":

(18)

Note that the computationalcost increaseis not signif-
icant sincethe point is alreadycloseto the surface,which
makes the convergenceto the surfacefast. Although this
stepseemsto be negligible, it is very importantto ensure
accuratesolutions.
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Figure 5. Projection scheme based on princi-
pal directions and cur vatures.

With this framework, the projections of a point r onto
the surfacecan be calculatedusing the following process
(seeFigure5):

1. Find a quasi-tangentplaneH with origin o andnor-
mal l , whereo is theweightedmeanof theneighbors
of r andl is theweightedmeanof thenormalsat the
neighborsof r .

2. Find theprojectionq of r ontoH .

3. Calculatethenormalm at q.

4. Findapointp on thesurfaceby moving q in thedirec-
tion of m usingtheanisotropicdiffusionequation.
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Figure 6. Polynomial appr oximations obtained (from left to right) without weights, with Gaussian
weights and with the “M”-like function.

5. Calculatethe normal n and the principal directions
� p

1 ; � p
2 andcurvatures� p

1; � p
2 at p.

6. De�ne (� p
1 ; � p

2 ; n) as a local coordinatesystemand
g� (� ; � ) = 1

2 (� p
1 � 2 + � p

2 � 2) as the local polynomial
approximationto thesurface.

7. Transformr to thelocalcoordinatesystemand�nd its
projectionst ontog� .

8. Theprojectedpoints is thepointst in theglobalcoor-
dinatesystem.

The approximatedsurfaceis de�ned as the set of sta-
tionary points for the projectionprocessdescribedabove.
To rendertheapproximatedsurface,we usetheray-tracing
algorithmproposedby AdamsonandAlexa [2], changing
only theprojectionprocedure.AdamsonandAlexade�ned
asetof enclosingspherescenteredatthesamplepoints.The
union of thesespheresenclosesthe approximatedsurface
completely. Thespheresareusedto �nd a �rst approxima-
tion to theintersectionbetweenthesurfaceandtheray. This
approximatedintersectionis thenusedin an iterative pro-
cessthatprojectsthe intersectiononto thesurfaceandcal-
culatesthe new approximatedintersectionasthe intersec-
tion betweenthe ray andthe local polynomialapproxima-
tion. If thisnew intersectionliesoutsidethecurrentenclos-
ing sphere,the next nearestsphereis tested. The process
stopswhenthedistancebetweenthecurrentapproximated
intersectionandits projectionis smallerthana pre-de�ned
threshold.

A goodestimative of the principal curvatures(� p
1, � p

2)
anddirections(� p

1 , � p
2 ) is of major importanceto obtaina

goodlocal approximationto thesurface(Equation12). As
claimedin the previous section,only by introducingsuit-
ableweightsinto thecurvatureestimationwe canobtaina
robust approximation.Figure6 shows the effect of intro-
ducingweightsinto System11. As canbeseen,a Gaussian
weight doesnot solve the problem. Therefore,we usethe

“M”-lik e functionpresentedin theprevioussection.Note,
however, thatthe“M”-lik efunctionis usedonly for thecur-
vatureestimation,whilst a Gaussianweight is usedfor the
restof theprocess.

Figure 7. Ray-tracing of the appr oximated
surface for the Rocker Arm dataset obtained
with the moving least-squares-based (left)
and the cur vature-driven (right) methods.

6 Resultsand discussion

Weimplementedthemoving least-squares-basedsurface
approximationmethodproposedby Alexaetal. [6] to com-
paretheresultsobtainedwith their methodandthemethod
we present.Our goal wasto be ableto obtaina compara-
ble approximationto the surfaceusinga reducedpolyno-
mial obtainedfrom the curvatureinformation. Therefore,
we usedcompletequadraticpolynomialsin our implemen-
tationof Alexa'smethod.In Figure7 weshow theresultsof
boththemoving least-squares-basedapproximationandthe
curvature-drivenapproximationfor theRockerArm dataset.
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Figure 8. Renderings of the Stanf ord Bunn y, Horse and Ant datasets.

In bothcases,we usedtheray-tracingalgorithmby Adam-
sonandAlexa [2] to rendertheapproximatedsurfacemod-
i�ed to usea kd-treeto acceleratetherendering.As canbe
seenin the�gure, theresultsareequallygood,howeverour
methodis between1.5 to 2.5timesfaster. For theseperfor-
mancetests,themodelswererenderedwith nore�ection or
refractioneffectsto a 533� 400viewport. More complex
sceneswerealsorenderedandareshown in Figures1 and8.

This differencein theprocessingtime is dueto the fact
that,althoughourmethodmakesuseof trigonometricfunc-
tionsto constructthenormalequation,it only needsto solve
alinearsystemwith threeunknowns.Thislinearsystemcan
be solved usingclosedformulations. Although our meth-
odsestimatesthenormalsat threedifferentpositionsduring
point projection,this doesnot representa bottlenecksince
weusedweightednormalsinsteadof estimatingthemusing
covarianceanalysis.

Although a completequadraticpolynomial can better
approximatea larger neighborhoodthanthe non-complete
quadraticpolynomialweuse,for thelocalcomputationsin-
volved in our methodthis latter quadraticpolynomialap-
proximatethesurfaceaccurately. Anotherimportantadvan-
tageof our methodis theavailability of anexplicit charac-
terizationof thepoint-basedsurfaceby meansof thecurva-
tureinformation.Also, in practicalterms,whencomputing
the local approximation,we discardpoints for which the
“M”-function hasvalueslower thana threshold.Thismini-
mizesthecomputationalcostsinceweperformlesstrigono-
metricaloperations.Additionally, it reducesthe possibil-
ity of numericalinstability during the local approximation
computation.

7 Conclusion

As mentioned before, the use of a non-complete
quadraticpolynomial for the polynomial approximations
simpli�ed the ray-surfaceintersectioncomputation.How-
ever, it would bedesirableto analyzetheperformanceim-
pact of the principal directionsand curvature estimation

processand of the anisotropicdiffuse equation(although
wefoundthatthis latterprocessneedsfew iterationsto con-
verge). We plan to introduceaccelerationtechniquesinto
theimplementationof theray-tracingalgorithmin orderto
beableto exploit thesimplicity of the intersectioncompu-
tation.

Besidesthepotentialgainin computationtime,theavail-
ability of curvature information is important for a num-
ber of applications[23]. This is a clearadvantageof our
methodover previous point-basedsurface approximation
techniques.Thereare few works in the literaturefor cur-
vatureestimationfrom cloudof points[13, 23, 16] andso
far (to the extent of our knowledge)thereis no work pre-
sentingcomparisonsamongthesemethods.A mathematical
andcomputationalef�ciency studyof suchmethodsmustbe
performed.

Although,with our methodlocal characterizationof the
surfaceofferedby theprincipaldirectionsandcurvaturesis
available,it couldbeof interestto de�ne globalproperties,
e.g. the Euler characteristic.For suchtasks,we are cur-
rentlystudyingmeansfor incorporatingMorseTheory[18]
andComputationalHomology[14] into our method. This
informationcanbeusefulfor elasticsimulationsandcrack
propagationproblems[11]. We also intend to use the
anisotropicpoint-basedmethodby AdamsonandAlexa [3]
dueto thefact thatweightscanbede�ned for eachsample
independentlywith theirapproach.For this,weareworking
onde�ning suchweightsbasedon theprincipalcurvatures.
Also, sincethecurvaturesproducelocal informationabout
the object, they canbe usedfor identifying sharpcorners.
We intendto exploit this fact to proposea new datastruc-
turethatwill supportthemodelingof sharpcorners.
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