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Abstract

In this work we addressthe problemof computingpoint-
basedsurfaceapproximationsfrom point clouds. Our ap-
proach is basedon recentlypresentedmethodshat de ne
the approximatedsurfaceasthe setof stationarypointsfor
an opetator that projectspointsin the spaceonto the sur
face We presenta novel projection operator that differs
fromthe de ned in previouswork in that it usesprincipal
curvaturesanddirectionsapproximationandananisotiopic
diffusionequationto ensue an accurate approximationto
the surface We showhowto estimatethe principal curva-
turesand directionsfor point cloudsand discussthe use-
fulnessof the curvatuie informationin the contet of point-
basedsurfacemodelingandrendering

1 Intr oduction

Point-basedmethodsfor modeling and renderingsur
facesfrom point clouds have beenaddressedy various
authorslately [15]. Alexa et al. [5, 6] and Zwicker et
al. [24] presentegboint-basedurfaceapproximatiormeth-
odsthatde ne the approximatedsurfaceasthe setof sta-
tionary points for an operatorthat projects pointsin the
spaceonto the surface. Both approachespproximatethe
surfacelocally by nding a polynomial approximationto
the surfaceon a local orthonormalcoordinatesystemnear
the point to be projected. Zwicker et al. madeuseof the
weightedleast-squaes methodboth for nding the local
coordinatesystemandthe local polynomialapproximation
to the surface. On the otherhand,Alexa et al. usedmov-
ing least-squaesto nd the local coordinatesystemand
weightedleast-squaret calculatethe polynomialapprox-
imation. Theseapproachepresenta numberof interesting
featuressuchasthefactthattheapproximatesurfacesare
meshlesandlow-frequeny noisefree.

We proposea novel projectionoperatorfor computing
point-basedsurfacesbasedon the approximationof prin-
cipal curvaturesand directionsand an anisotropicdiffu-

Figure 1. Rendering of the point-based sur-
face approximation for the Dragon dataset
obtained with the projection procedure pro-
posed in this work.

sion equation. We usethe curvatureinformationto de ne
thelocal polynomialasa non-completequadraticfunction
without loosingaccurag in the local approximation. The
anisotropidiffusionequations usedto de ne thepointon
the surfacewheresuchquadraticpolynomialis calculated.
The anisotropy in this equationhelpsus presere the ge-
ometry of the original surfacesincethis equationis based
ondirectionalcurvatures.Therefore we shov how to esti-
matethe curvatureat ary point on the surface,which is a
further contribution of our approachsincethe curvatureis
usefulfor the analysisof both quantitatve and qualitatve
characteristicef thesurface[23]. For this,we modi ed the
cunatureestimationmethodby Huangand Menq [13] to
introduceweightsin orderto improve therobustnes®f the
method. This weightswere carefully constructedand are
speci ¢ to our problem.

Thefactthatthelocal approximatioris de ned asanon-
completequadraticpolynomial can help decreasehe pro-



cessingtime of algorithmsthat performintersectioncom-
putationssuchasray-tracing.For renderinghesurfacede-
ned by our operatoy we usethe ray-tracingalgorithmfor
point-basedurfacedevelopedby AdamsonandAlexa [2].
We describehow the intersectioncomputationmust be
modi ed to t ourprojectionoperatormandusethisray-tracer
to demonstratehe quality of the approximationsbtained
(seeFigurel for anexample). We comparethe resultsob-
tainedusingthe methodpresentedvith theresultsobtained
usingmoving least-squareasin thework by Alexaetal.

2 Relatedwork

As mentionedbefore, Alexa et al. [5, 6] and Zwicker
et al. [24] developedapproachedasedon projectionop-
eratorsfor generatingpoint-basedapproximatedsurfaces
from point clouds. Basedon this work, Amentaand Kil
performedan analysisof both the weightedand the mov-
ing least-squarestratgies, presentinginterestingresults
abouttheir domain[8]. Suchresultswere usedby Te-
jadaet al. [22] to de ne a “predictorcorrector’ projection
schemefor extracting point-basedsurfacesfrom volumet-
ric data. AmentaandKil alsoproposedan alternatve ap-
proachbasedon anintegral formulation[8]. Adamsonand
Alexa [1] de ned an implicit function for approximating
surfacesfrom point cloudsbasedon the work by Alexa et
al.[5].

Although thesemethodsare able to dealwith low fre-
gueng noise,they canfail whenhigh frequeng noiseand
outliersare presentin the data. Fleishmanet al. [10] pro-
poseda robust point-basedstratgyy basedon the statisti-
cal framework known asforward-seach. Suchstratay is
ableto dealwith high frequeng noiseandto detectsharp
corners. Reuteret al. [19] presenteca methodbasedon
theenrichedreproducingkernel particle approximationfor
preservingsharpcornerswith equally goodresultsasthe
obtainedby Fleishmaretal. Although both methodswork
well even for noisy data,they have a high computational
costandrequireuserinterference.

Curvaturesandprincipal directionsestimationfor regu-
lar gridsandpolygonalmesheasbeenextensiely studied
in both the qualitatve andthe quantitatve cases.Maltred
andDaniel[17] presente@surwey onclassicalvork oncur-
vatureestimationanda classi cationbasedon the require-
mentsand constraintf the methodsdescribed.Although
therearemary methoddor estimatingprincipal curvatures
anddirections,almostall of themneeda mesh. Only re-
cently, effective methodgo estimatecurvatureinformation
directly from point setswerepresented4, 23,16, 13].

Tong and Tang [23] presenteda robust curvature es-
timation method basedon adaptve curvature tensorsby
meansof tensorvoting. In addition, they presentedan
analyticalcomparisorwith classicalandef cient methods

with respectto their input (point clouds or mesh mod-
els), their requirementggeometricalmeasurespand their
outputs (quantitatve or qualitatve estimations). Lange
and Polthier [16] adaptedthe well known mesh-oriented
methodby Taubin[21] to the point cloud context. In their
work, the authorsusedsuchadaptedmethodtogetherwith
an anisotropicdiffusion equationfor removing noisefrom
point cloudswithout smoothingsharpcorners.

HuangandMenq [13] proposeda curvatureestimation
methodbuilt upon the least-squareschemeand the Eu-
ler's theoremfrom differential geometry Although the
methodwasproposedo locally optimizeunstructuredsur
facemeshesit is alsosuitablefor point clouds. We derive
our methodfrom thiswork, sinceit canbe easilyadaptedo
supportweightingfunctions,which is animportantcondi-
tion for the quality of the modelsgeneratedby point-based
techniques.

3 Weightedand moving least-squaes

Traditionally, authorsdescribepoint-basedtechniques
by meanf minimizationsof squaredumg24, 6, 19]. We,
on the other hand,optedfor describingour methodbased
on the normalequationapproact{20]. To thatend,we de-
scribe rst thetraditionalformulationof weightedandmov-
ing least-squarefor polynomialapproximatiorfor sale of
understandingndcontinuityin the description.

Let us considera nite setof n pointsP = fp, =
(xi;yi;z) : p 2 R3g. We aim at building a function f
that bestapproximated®. The standardeast-squarefor
solving suchtaskminimizesthe following overdetermined
system:

b(pl) 0

b(p2)
[BIC] = [Z]()%) 2;% X % E
b(pn)

whereb(py) is the applicationof py = (X;;y;) on a ba-
sis of functionsb and ¢; arethe coefcients of the poly-
nomial approximationdeterminedin function of z;. For
instance,if we want to approximateP by a plane, we
chooseb = [1 x y]. Onthe otherhand,if we wantto ap-
proximateP by a completequadraticpolynomial, we use
b= [1x x?yy?xy].

Boththeweightedandthemoving least-squaremethods
are formulatedby multiplying a weighting matrix to both
sidesof Systeml in orderto forcesomepointsto have more
in uence on the solution. Let us considerthe weighting



matrix build uponthesetP:

0 1
w(p; p1) 0 0
0 w(p;p2) 0
wi=g : % . ©
0 0 w(p;pPn)

wherewe choosewv asamonotonicallydecreasindgunction
suchthatw(p;p;) ! Owhenjjp pijj! 1 . Thus,points
nearp have morein uence thandistantpoints. Theoverde-
terminedsystemwith weightsbecomes:

WIBJIC] = [W][Z]: ®3)

Therefore,the normal equation,which is the one that
minimizesthe sumof the squaredlifferencesetweenthe
left andright sidesof System3, is givenby:

(WIB)'WIBIC] = (WIB])'WIZ] ()
() BIWPBIC] = [BI'WIZ]: (4)

The main mathematicaldifference betweenweighted
least-squareand moving least-squaress basicallydueto
p. In the caseof point-basedsurfacesapproximatedising
least-squaresiethodsijf p is anestimatedx edpoint, Sys-
tem4 becomedinearandthe problemturnsinto aweighted
least-squarermulationwhereunicity of the solutioncan
be ensured.On the otherhand,if p is unknavn (aswell as
thecoefcients in [C]), System4 becomesion-linearturn-
ing into a moving least-squareformulationwhereunicity
of the solutioncannotbelongerensured.

Theleast-squarechemedo estimateprincipal directions
and curvaturespresentedn the next sectionis developed
usingalsothe normalequation.However, our formulation
is built uponEuler'stheoremandthe weightingfunctionis
nolongermonotonicallydecreasing.

4 Principal directions and curvatures com-
putation

Thedirectionalcurvaturesat a point p on a smoothsur
faceM arede ned in termsof the cunaturesof smooth
curveson M containingp. The minimum and maxi-
mum directionalcurvaturescomputedfrom the curvesare
called principal curvatures andtheir respectie directions
arecalledprincipal directions Oneimportantresultis that
principaldirectionsareorthogonaktp [9].

The Euler's theoremfrom differential geometrystates
thatevery directionalcurvaturein p 2 M canbedescribed
asa function of its principal directionsand curvatures[9].
Moreformally, let usde ne theprincipaldirectionsandcur-
vaturesatpas } and ¥, and § and ! respectiely. The

Euler'stheoremnstateghatthecurvatureatp in thedirection
is givenby:

P()= Tcog( )+ BSsin’(); ®)

where = cog ) !+ sin( ) ¥.

Let us considerthe approximatedtangentplane T in
p, wherewe de ne alocal orthonormalcoordinatesystem
ft1;togwith originin p (Figure2). We computethe projec-
tionsp; on T of the neighborsp; of p, de ning the direc-
tions '. By sortingsuchdirectionscounterclockwiselywe
obtaintheangles ; fromt; to p;. Letusalsodenoteby
the counterclockwis@nglefrom the principal direction
to '.

Figure 2. Estimating directional curvatures
on the approximated tangent plane at p.

We canapproximatehe directionalcurvatureby:

2< Np;%>

kp( I) <%,%> :

(6)
wheren, is thenormalvectoratpand% = p;  pfor pi in
the neighborhoodf p. This discretedirectionalcurvature
hasbeenusedin several othermethodsfor curvatureesti-
mation[13, 16, 21, 23]. Thefollowing nonlinearoverdeter
minedsystemis obtainedfrom the Euler's theoremandthe
directionalcurvaturesapproximationEquation6):

0 co( 1) sin’( 1) ! 0 P( 1) !
cof( 5) sin?( ) p P( )
: : é = : @
coZ( m) sin®( m) PC™)
where i = 1+ jand = 1= 1.



In orderto obtaina linear system,we follow the work
by Huangand Menq [13] andset ; = ?; 2’ 2 =

cog2 1)(k!  kP)and 5 = sin@2 1)(k& ~ kP), pro-
ducingthefollowing overdeterminedinear system:

0 1 0
1 1 0 0 1

o

glcos(z 2) sin(2 z)g@lA_% P( 2)%_

. . . 270 = : :
: 5 :

1coq2 ) sin@2 m) PC™)
)
Thereforethenormalequationfor System8 becomes:
0 3 0 1 0 1
m C| S| AI
=1 i=1 0 1 i=1
xn 1
¢ (67 s k@ ,A= NG
i=1 i=1 i=1 3 i=1
i G Si (Si)2 AI i
i=1 i=1 i=1 i=1
9)

whereg, = cos(2 i), s = sin(2 ;) and” = P( ).
Thus, the principal directionsand curvaturesare straight-
forwardly obtainedrom ;1 i 3.

Although Huangand Menq statethat the methodis ro-
bust for noisy data, we only achieved robustnessor our
problemby addingsuitableweights. To thatend, we de-
ned the weightsw; = (w(jjpi  pjj))?, wherew is an
“M"-lik efunction. For our problemwe used:

x2

w(x) = x%%e w7 (10)
where& 2 N andh is a smoothingparametef6]. That
way, we modi ed the normalequationasin the following
expression:

0 X X 1
Wi Wi G Wi Si
i=1 i=1 i=1 0 1
xn
wic  wi(g)®  wics @ ,A =
i=1 i=1 i=1 3
xn xn
wisi  wigs  wi(s)?
i=1 i=1 i=1
0 3 1
wi%
i=1
xXn
é WiNiGi = (11)
i=1
xn
WS

i=1
Theuseof an“M”-lik efunctionis veryimportantto ob-
tain goodresultswith our method. This is dueto the fact

that the directional curvaturesobtainedby Equation6 are
dependenbn the position of the points and their normal
vectors[13]. Figure3 depictsan exampleshaving how a
small perturbationin the position of point p, represented
by a squarecanproducea quite differentsolutionwith the
original methodby Huang.

Figure 3. Results from the method by Huang
and Meng [13]. A small perturbation in the
position of the point can produce consider -
ably diff erent curvature and direction approx-
imations (represented by the arrows).

Inthe“M-lik efunction,x?& controlsthein uence of the
pointscloseto p onthesolution. Thelarger&is, thesmaller
the region aroundp which will have signi cant in uence
in the solutionis. The exponentialmemberof the func-
tion maintainghesamebehaior of thetraditionalGaussian
function[7]. We presenexamplef graphof thisfunction
in Figure4 with differentparametexalues.

Unlike a Gaussiamweight,usuallyemployedin previous
work [5, 6, 24, 1, 7], the“M"-lik e functionis ableto solve
theproblemdepictedn Figure3. Thiswill beshonvnin the
next sectionafterthe descriptionof the surfaceapproxima-
tion procedure.

5 Projection and rendering procedures

As mentionedefore traditionalpoint-basedurfaceap-
proximationtechniquesle ne theapproximatedurfacefor
agivenpointcloudasthesetof stationarypointsfor acare-
fully designedrojectionoperator Thisway, theinputpoint
cloud canbe re-samplediy projectinga sufciently large
numberof pointsfrom its neighborhoodnto the approxi-
matedsurface. With this procedurea densesamplingthat
coverstheimagespaceconsistentlycanbe obtained.

In this sectionwe describea new projection operator
derived from the theory discussedn the previous section
on the estimationof principal directionsand curvaturesby
meanof weightedeast-squared-or this, we make useof a
resultfrom differentialgeometrywhich stateghata surface
canbede ned locally (in theneighborhooaf p) by:

g(:)=3 2+ 57, (12)
where( ; ) isinthelocal coordinatesystende ned by the

principaldirectionsat p. However, this local approximation
is valid only for pointson the surface. This fact doesnot



Figure 4. Examples of “M”-like function graphs. From left to right: h= 2and &= 1, h = 1land &= 1,

and h= 1and &= 2.

allow usto de ne apolynomialata point near(but not on)

the surfaceas donein previous work [6, 24]. In orderto

avoid this problem we usea schemedo move pointsnearthe

surfaceontoit. The schemewe usefor this was proposed
by LangeandPolthier[16] for remaving noiseby moving

the pointsin a point cloud. The authorsmake useof an

anisotropicdiffusion equation,which is usefulto presere

sharpcorners.

Let usconsidetthe diffusionequation:

— = ; 13
a p (13)
where p = %’2— + %’2— + %‘2— is the Laplacianof p,

is thediffusive termandp is thepositionof p attimet [12].
We approximatehe Laplacianby the umbrellaoperator:

1 X
p=— i (B p); (14)
1
— 1 — P
where! ; = Wand = L.
Theexplicit forwardEulermethodfor discretizingequa-
tion 13leadsto thetraditionaliterative Gaussiarfiormulafor
smoothingdata:

pn+l - pn + t~pn: (15)

It mustbe obsenedthat t mustsatisfythe time step
conditiong12]. LangeandPolthiermodi ed thetraditional
umbrellaoperatorto obtainan anisotropicoperatorby in-
troducinga suitablereal function which offersinformation
relatedto the shapeof the object. This operatoris ableto
move a pointontothe surfacefairly. Theanisotropid_apla-
cianbecomes:

Tpt= = i (B p"); (16)
i=1

where ; isarealfunctionwhichdepend®nthedirectional
curvatures(Equation6) at p". LangeandPolthieragued

for the useof one of the following functionsfor a given
threshold":

L i<
N SN 4
‘1 itj P i<
i = ' 2 e N i ", 18
| e L I G B 4o

Note that the computationakostincreases not signif-
icantsincethe pointis alreadycloseto the surface,which
malkesthe corvergenceto the surfacefast. Although this
stepseemdo be nggligible, it is very importantto ensure
accuratesolutions.

Figure 5. Projection scheme based on princi-
pal directions and curvatures.

With this frameawork, the projections of a pointr onto
the surface can be calculatedusing the following process
(seeFigureb):

1. Find a quasi-tangenplaneH with origin o and nor-
mal |, whereo is the weightedmeanof the neighbors
of r andl is the weightedmeanof the normalsat the
neighborsofr.

2. Findtheprojectionq of r ontoH.
3. Calculatethenormalm atg.

4. Findapointp onthesurfaceby moving qin thedirec-
tion of m usingthe anisotropiadiffusionequation.



Figure 6. Polynomial approximations obtained (from left to right) without weights, with Gaussian

weights and with the “M”-like function.

5. Calculatethe normal n and the principal directions
P Y andcurvatures §; b atp.

6. Dene ( }; 5;n) asa local coordinatesystemand
g(;)=2%12%2+ 5 2) asthelocal polynomial
approximatiorto thesurface.

7. Transformr to thelocal coordinatesystemand nd its
projections; ontog .

8. Theprojectedpoints is thepoints; in theglobalcoor
dinatesystem.

The approximatedsurfaceis de ned asthe setof sta-
tionary points for the projectionprocessdescribedabove.
To renderthe approximatedurface,we usethe ray-tracing
algorithmproposedby Adamsonand Alexa [2], changing
only theprojectionprocedure AdamsonandAlexa de ned
asetof enclosingspheregenteredtthesamplepoints. The
union of thesespheresncloseghe approximatedsurface
completely Thespheresreusedto nd a rst approxima-
tionto theintersectiorbetweerthesurfaceandtheray. This
approximatedntersectionis thenusedin aniterative pro-
cessthat projectstheintersectiononto the surfaceandcal-
culatesthe new approximatedntersectionasthe intersec-
tion betweenthe ray andthe local polynomialapproxima-
tion. If this new intersectiories outsidethe currentenclos-
ing spherethe next nearessphereis tested. The process
stopswhenthe distancebetweenthe currentapproximated
intersectionandits projectionis smallerthana pre-de ned
threshold.

A good estimatve of the principal curvatures( t, )
anddirections( ¥, 5) is of majorimportanceto obtaina
goodlocal approximatiorto the surface(Equation12). As
claimedin the previous section,only by introducingsuit-
ableweightsinto the curvatureestimationwe canobtaina
robust approximation. Figure 6 shaows the effect of intro-
ducingweightsinto Systeml1. As canbe seena Gaussian
weightdoesnot solve the problem. Therefore we usethe

“M"-lik e function presentedn the previous section.Note,
however, thatthe“M”-lik efunctionis usedonly for thecur-
vatureestimationwhilst a Gaussiarweightis usedfor the
restof theprocess.

Figure 7. Ray-tracing of the approximated
surface for the Rocker Arm dataset obtained
with the moving least-squares-based (left)
and the curvature-driven (right) methods.

6 Resultsand discussion

We implementedhemoving least-squares-basedrface
approximatiormethodproposedy Alexaetal. [6] to com-
paretheresultsobtainedwith their methodandthe method
we present.Our goalwasto be ableto obtaina compara-
ble approximationto the surfaceusing a reducedpolyno-
mial obtainedfrom the curvatureinformation. Therefore,
we usedcompletequadraticpolynomialsin ourimplemen-
tationof Alexa'smethod.In Figure7 we shav theresultsof
boththemoving least-squares-basagproximatiorandthe
cunvature-drivenapproximatiorfor theRocker Arm dataset.



Figure 8. Renderings of the Stanford Bunny, Horse and Ant datasets.

In both caseswe usedtheray-tracingalgorithmby Adam-
sonandAlexa[2] to rendertheapproximatedurfacemod-
i ed to useakd-treeto accelerateherendering.As canbe
seenn the gure, theresultsareequallygood,howeverour
methodis betweenl.5to 2.5timesfaster For theseperfor
mancetests the modelswererenderedvith nore ection or
refractioneffectsto a533 400 viewport. More complex
scenesverealsorenderedandareshavn in Figuresl and8.

This differencein the processindgime is dueto the fact
that,althoughour methodmakesuseof trigonometricfunc-
tionsto constructhenormalequationjt only needdo solve
alinearsystenmwith threeunknowvns. Thislinearsystencan
be solved using closedformulations. Although our meth-
odsestimateshenormalsat threedifferentpositionsduring
point projection,this doesnot represent bottlenecksince
we usedweightednormalsinsteadof estimatinghemusing
covarianceanalysis.

Although a completequadraticpolynomial can better
approximatea larger neighborhoodhanthe non-complete
guadratiqpolynomialwe use for thelocal computationsn-
volved in our methodthis latter quadraticpolynomial ap-
proximatethe surfaceaccuratelyAnotherimportantadvan-
tageof our methodis the availability of anexplicit charac-
terizationof the point-basedurfaceby meanf thecurva-
tureinformation. Also, in practicalterms,whencomputing
the local approximation,we discardpoints for which the
“M"-function hasvalueslower thanathreshold.This mini-
mizesthecomputationatostsincewe performlesstrigono-
metrical operations. Additionally, it reducesthe possibil-
ity of numericalinstability during the local approximation
computation.

7 Conclusion

As mentioned before, the use of a non-complete
guadraticpolynomial for the polynomial approximations
simpli ed the ray-surfaiceintersectioncomputation. How-
ever, it would be desirableto analyzethe performancem-
pact of the principal directionsand curvature estimation

processand of the anisotropicdiffuse equation(although
wefoundthatthislatterprocessieeddew iterationsto con-
verge). We planto introduceacceleratiortechniquesnto
theimplementatiorof the ray-tracingalgorithmin orderto
be ableto exploit the simplicity of the intersectioncompu-
tation.

Besideghepotentialgainin computatiortime, theavail-
ability of curvature information is importantfor a num-
ber of applications[23]. This is a clearadvantageof our
method over previous point-basedsurface approximation
techniques.Thereare few works in the literaturefor cur-
vatureestimationfrom cloud of points[13, 23, 16] andso
far (to the extent of our knowledge)thereis no work pre-
sentingcomparisonamonghesemethods A mathematical
andcomputationaéf ciency studyof suchmethodsnustbe
performed.

Although, with our methodlocal characterizationf the
surfaceofferedby the principaldirectionsandcurvatureds
available,it couldbe of interestto de ne global properties,
e.g. the Euler characteristic.For suchtasks,we are cur-
rently studyingmeandor incorporatingMorseTheory[18]
and ComputationaHomology[14] into our method. This
informationcanbe usefulfor elasticsimulationsandcrack
propagationproblems[11]. We also intend to use the
anisotropigpoint-basednethodby AdamsonandAlexa [3]
dueto thefactthatweightscanbe de ned for eachsample
independentlyvith theirapproachFor this, we areworking
onde ning suchweightsbasedon the principalcurvatures.
Also, sincethe curvaturesproducelocal informationabout
the object,they canbe usedfor identifying sharpcorners.
We intendto exploit this factto proposea new datastruc-
turethatwill supportthe modelingof sharpcorners.
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