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ABSTRACT
Noise reductionis an importantpreprocessingtep for mary visualizationtechriquesthat make use of feature
extraction. We proposea methodfor denoising2-D vector elds thatarecorruptedby additive noise. The method
is basedon the vectorwavelet transform,which transformsa vectorinput signalto wavelet coef cientsthatare
alsovectors.We introducemodi cationsto scalarwaveletcoefcient thresholdingor dealingwith vectorvalued
coefcients. We compareour wavelet-basedienoisingmethodwith Gaussianltering, andtestthe effect of these
methodson the sigral-to-noiseratio (SNR) of the vector elds beforeand after denoising. We also compare
our methodwith conponent-wisescalarwavelet thresholding. Furthermorewe usea vortex measurgo study
the performance®f the mehodsfor retainingrelevant detailsfor visualization. The resultsshov that for very
low SNR, Gaussianltering with large kernelshasa slightly betterpeformancethanthe wavelet-basednethod
in termsof SNR. For larger SNR, the wavelet-lasedmethodoutperformsGaussianltering, becausesaussian
Itering removessmadl detailsthatarepreseredby the wavelet-basednethod. Component-wis@enoisinghasa

lower performancehanour method.
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1. INTRODUCTION

Dataacquirecby physicalmeasurementreoftencor
ruptedby noise.In uid mechanicssuchdatamay be
obtainedby, for instance particleimagevelocimetry
(PIV). This is a techniquethat providesglobal veloc-
ity measurementgy recordingthe positionover time
of smalltracerparticlesinsertednto the o w [Pra00].
Noisein the recordedimagesis a sourceof errorsin
PIV measurerants,andit canresultin spuriousvec-
tors or global noisein the reconstructedvector eld.

The spuriousvectorscanbe repairedby averagingor
median ltering, however, the global noiserequiresa
differentremoval method.
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Theproces®f remaving noiseis calleddenoisingand
its goalis to suppresshenoisewhile retainingtherel-
evantdetails. A commonlyuseddenoisingmethodis
smoothingby Gaussianltering. However, this does
not only affect the noise,but alsomay destry small
featuredn thedata.

Betterpeformances usuallyobtainedoy asmodhing
techniquethatis edge-preservingsuchasanisotopic
diffusion [Per90]. This techniquehasbeenextended
for smoothingorientation elds [Per98], but it has
not beentestedin a practicalapplication,andhasnot
beenevaluatedon directional elds. Anothersucess-
ful iterative methodfor imagedenoisingis basedon
minimizing the total variationof the imagesubjectto
constraintsthat involve the noise statistics[Rud92].
This approachhas been extendedto vectorvalued
functions,and hasbeenusedfor denoisingcolor im-
agegBlo98]. In arecentpaper this methodwasused
for thereconstructiomf o w velocity imagesacauired
by magnetiaesonanceelocityimaging[Ng03]. Such
imagesareusedn thestudyof cardiovasculafunction
by analyzingthe blood o w patternsand their inter
actionwith cardiosascularstructure. Noise hasdetri-



mentaleffectsonthisanalysisandit is veryimportant
thatfeaturesin the dataareretainedby the derpising
method.

Anotherclassof denoisingmethodss basednthresh-
olding of wavelet coefcients, an idea introduced
about one decadeago by Donoho [Don95]. Since
then, much work has beendone in this area, and
mary wavelet-baseddenoising methodshave been
proposedfor scalar signals [StrO1], natural images
[Cha00,Sim96],andmedicalimages[Piz03, Win04],
to namea few.

The purposeof this paperis to report on work in

progresson denoising2-D vector datathat are cor

ruptedby addiive noise.Ourmethodperformsthresh-
olding on wavelet coefcients that are obtainedby a
so-calledvector wavelet transform[Xia96]. This is

anextensionof thescalarwavelettransformthatdeals
with vecr data,andit mapsvectordatato waveletco-

ef cients thatarealsovectors. It is importantto note
that the vector wavelet transformis different from a
component-wisealarwavelettransformandthatthe
mathematicafoundationis basedon multiwavelets.
We introduceextensionsto the scalarwaveletbased
denoisingtechnique in orderto be ableto dealwith

thevectorvaluedcoefcients.

The organizationof this paperis as follows. Sec-
tion 2 disausseghe mathematicabackgroundf vec-
tor wavelets,and describeghe algorithmto compute
the vectorwavelet transformef ciently. In Section3
we brie y describewavelet-basedlenoisingof scalar
data,andwe introduceour modi cations for dealing
with vector data. Section4 compareshe resultsof
vectorwavelet-basedienoisingandGaussiarsmooth-
ing, andwe performan experimentwith component-
basedscalarwaveletdenadsing. Finally, we drawv con-
clusionsin Section5 anddisaussfuturework.

2. VECTOR WAVELETS

The conceptof a vector wavelet transformhas ex-
istedfor abouta decadeandthe theoryfollows scalar
wavelettheoryclosdy [Xia96]. Vectorwavelettrans-
formsarebasedn so-calledmultiwavelets,which ex-
pandascalarfunctionby severalscalingfunctionsand
wavelet functionsrather thanby a single pair. In the
following, we brie y describemultiwavelets,andwe
referthereaderdo the paperdTan99]and[Xia96] for
full details.

2.1 Multiwa velets
A biorthogonamultiwavelet basisconsistsof a multi-

andx" denotingthetransposef x. Typically, r = 2 or
r = 3in practicalapplicationswith 2-D and3-D vec-
tor elds, respectiely. Thesemultiscalingfunctions
satisfythe two-scaledilation equations
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in which H, and 8, arereal-valuedr r matrix se-
guences. The multiwavelet functionsY (t) and ¥ (t)
are associatedvith the multiscalingfunctionsby the
two-scalewaveletequations
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sequences.

The expansionof an input vedor signal fT(t) on a
biorthogonaimultiwaveletbass is givenby

M .
1) = & () TFux®)+ & & (d)TY jx(t);
k =1 k
Fix®) =2 17F2 It K);
Yik(t)=2 Pyt Kk;

©)

whereM denoteghe depthof the decompositia. The
coefcients ci! anddli arecalledapprximation coef-
cients anddetail coefcients, resgectively, asin the
scalarcase.Notethatthesecoefcients arenow r 1
columnvectors.

2.2 Fastvector wavelettransform

Given coef cientsequencesl,, Gy, 18, and &, that
arer r matricesandwhich satisfythe perfectrecon-
structionconditions we cancomputethe 1-D discrete
vectorwavelettrandorm of theinputsequence® by
thepyramidalgorithmof Mallat. The maindifference
with the scalaralgorithmis thatscalarmultiplications
arereplacedoy matrix-vectormultiplications.The M-
level waveletdecompositiorcomputeghe coefc ients
¢t andd; as

C|]<: é & 2kC§1 . dd = é G, gkcﬂ] 1, 4)
n n

Reconstructioris computedas
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The extensionto a 2-D transformis donein the stan-
dardway by applying the 1-D transformto the rows
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Figure 1. Coefcients of a threelevel 2-D (vector)
wavelettransform.

andcolumns.Thewavelettransformfor M levelsthen
resultsin approximatiorcoefcients CkM;I andthreesets
of detail coefcients dli;;,’, i= 1M, t = £1;2;3g.
Thecoefcients areorderedas shavn in Fig. 1.

2.3 Filter coef cients

In principle,the lter cod cients of the multiwavelets
availablefrom theliteraturecouldbe usedfor comput-
ing thevectorwavele transform.However, it turnsout
that the performancefor vectorsignal processingap-
plicationsis poor[Fow02]. The sourceof the problem
liesin thefactthat constantinput signalsare not pre-
senedwhenperformingareconstructiorfirom wavelet
approximationcoef cients only. Constantn the con-
text of vector elds meansthat all vectorspoint in
the samedirection. Intuitively, one would expecta
constansignal,however, mostmultiwaveletsresultin
an oscillatay distortion. This meansthat the coef-
cientscﬂ’;'I do not consistof a low resolutionapproxi-
mationof the original data. This is rather disturbing,
asmostdenoisingandcompressiorschems presene
theapproximatiorcoefcients anddiscarddetailcoef-
cients.

Fowler andHua [Fow02] have proposeda schemeto
designlter coefcients thatde ne a multiwaveletba-
sis that doesnot suffer from the problem mentioned
above. Theresultingwaveletsareknown by the name
omnidirectionallybalancedsymmetric-antisymmatric
(OBSA); partof thisnamerefersto the constrants for-
mulatedfor the constructiorprocessin theremainder
of thispaperwewill usetheOBSA5-3andOBSA7-5
Iters. The numbersdenotethe lengthsof the coef-
cientsequencebl, andi§,, respectiely.

3. WAVELET-BASED DENOISING

We assumehatthenoiseis additive andhasanormal
distribution with zeromeanandvariancesﬁ, denoed
asN(0;s?2). Wavelet-basedienoisingmethodsin the
1-D scalarcasethenwork in threesteps.(1) Compute
an M-level wavelet transform. (2) Modify the detalil

The approximaion coefcients ¢ are not modi ed.
(3) Computethe inversewavelet transform. The ex-
tensionto higherdimensionss straightforvard.

Therearetwo popularthresholdfunctionsin use:hard
andsoft thresholding.Both setthe coefcients belov
thethresholdT to zero. Hard thresholdingretainsthe
coefcients aborethethresholdunaltered Softthresh-
olding, alsocalledshrinkagereduesthe anplitude of
thecoefcients above T asfollows
hr(x) = sgr(x) max(jxj T;0): (6)
For image denoising, soft thresholding geneally
yieldsmorevisually pleasingresultsthanhardthresh-
olding, andit is thereforethe preferredchoice.

Many methodshave beenproposedo selecta good
thresholdT, a numberof which are containedin the
Wavelab software [Buc95]. In this paper we usea
methodcalledBayesShrinfCha00],which computes
adata-drvenestimateof T for eachsetof detail coef-
cients dlijlt, t = f1;2;3g independentlyThis method
wasproposedor imagedenoising,andit is basedon
theobsenation thatthedetailcoefcients in asubband
of a naturalimage can be characterizé by a gener
alized Gaussiardistribution (GGD) [Mal89, Sim96].
The probabilitydensityfunctionis givenby

p(x) = % e [h(n;s)jxj]"; @
with .
h(n;s) = % g((igi (8)

where§(x) denotesghe gammafunction. The shape
parameten controlsthe exponentialrateof decay A

Gaussiardistribution is obtainedby n = 2. The pa-
rameters is thestandardieviation.

We have obsenred that the individual componentf
the vectordetail coefcients alsofollow a GGD. Fig-
ure2 shaws partsof the histogramf thesecondlevel
vectordetail coefcients d7', d’, anddZ;’ of aslice
of a hurricanedatasetas an example. The top row
shaws the histograns of the rst componentf the
vectors,andthe bottomrow shaws the histogramsof
the secondcompnents. All thesehistogramscanbe
qualitatively deseibedby a GGD. It is thereforevalid
to usethe BayesShrinknethod

We cannow describeour modi cations to the scalar
wavelet-basedlenoisingschemeor dealing with vec-
tor data. Calculationsthat involve the absolue value
of ascalarcoefcient now usethevectormagnitudeof
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Figure 2. Histograms of vector wavelet detail co-
ef cients at level 2 of an exampe data set. His-
tograms of the rst vector component are on the
top row and of the secondcomponentson the bot-
tom row. From left to right are dZ', d;’, and d,
respectvely. All histogramscan be describedqual-
itati vely by a generalizedGaussiandistrib ution.

that coefcient. Furthermorewe de ne the variance
s2ofanN N vector eld v, as

, 1 NN >
s°= N2 a aiiva W% 9
k=11=1

where the average Y\ is a vector that containsthe
component-wisaveragef v, andjj jj denoteshe
Euclidiannorm. This de nition includesa division by
r, the numberof componentf the vectors,for the
following reasonlf avector eld containsonly noise,
i.e.,eachcomponentontainsnoisedistributedasnor
mal N(0; s 2), the equationabove will yield precisely
s2.

The thresholdis dependentn the variance$ 2 of the
coefcients dli;;f under considerationand the global

noisevariances?. If the noisecharacteristicof the
dataacquisitionprocessareknown, it maybepaossible
to determingheglobalnoisevariancefrom thatinfor-
mation. Alternatively, theglobalnoisevariancecanbe
estimatedrom thedetailcoefcients d;f by therobust
medianestimato{Cha00]:

. mediarfjd¢)
$7 oemas (10)
Finally, thethresholdT is computedas
a2
T=g—° (12)

max$3 §2;0)'

If the denominatoiin this equaton becomesqualto
zero,the threshold T becomes¥, andall coef cients
areassignedhezerovectotr

For our method, we adaptedthe soft threshdding
methodsuchthatit shrinksthevectormagnitudesWe
de ne themodi ed soft thresholdinghr(x) for avec-
torx as o
maxipg_T.0),
ix '
Whenjxj = 0, we sethr(x) = [0;0]".

fr(X) = X (12)

4. RESULTS

We conducteda seriesof experimentsn which noise
of known standarddeviation was addedto a slice
(490 490) of a hurricanedataset, consistingof 2-
componentvelocity vectors,seeFig. 3(a). The re-
sulting noisy vector elds had signd-to-noise ratios
(SNR)of f5, 10, 15, 20, 25, 30, 35, 40, 45, 509. An
examplerenderingof thevectormagnitude®f anoisy
vector eld with SNR= 10is shavn in Fig. 3(b). The
SNRis expressedn dB andcomputedrom the stan-
darddeviationss (data)ands, (noise)as

SNR= 20|oglosi:
n

To provide someintuition, an SNR around40 dB is
consideredhcceptablén image processing.

We appliedour wavelet-basedlerpisingmethodto the
resulting noisy vector elds, usingthe biorthognal
OBSAS5-3andOBSA 7-5 multiwavelets. Thedepthof
thewaveletdecompositiowas x edto three.We also
performed Ite ring with Gaussiarkernelsof various
widths. Thewidth of the Gaussiarkernelis descibed
by its width in pixels at half of the maximum of the
height of the Gaussiana measurecalled Full Width
at Half Maximum (FWHM). For example,a Gausian
Iter with FWHM = 5 contains13 pixels whensam-
pled between 3s and3s. Filter valuesbeyond 3s

arengligibly small,andarethereforenotused.

Examplerenderingsof the vector magnitudesof the
resultsof both Gaussianltering andour methodare
shavn in Fig. 3(c) and Fig. 3(d), respectiely. The
noisy input vector datahad SNR= 10 (Fig. 3(b)), a
high noiselevel at which the standardieviation of the
noiseis aboutone-thirdthe standarddeviation of the
data. Qualitatvely, both outputimageslook similar,
althoughthe Gaussian Itereddataappearso bemore
smooth,dueto the large lter kernelused. The per
formanceof the methodsis comparableasthey both
yield similar outputsignal-tenoiseratios.

Figure4 shawvs the outputSNR plottedagaing thein-
put SNR. The plot shavs tha Gaussianltering with
largekernelsperformsslightly betterthanthewavelet-
basedmethodfor very low SNRs. For an SNR be-
tween15 and20 dB, both methodsshav similar per
formance. For larger SNRs, the Gaussianlt ering
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Figure 3. The imagesshow color-encodedvector
magnitudes;red correspondsto high velocitiesand
dark blueto low velocities. (a) Noise-freetest data.
(b) Noisy test data with SNR= 10. (c) Result af-
ter denoisingby Gaussian Itering with FWHM 5.
The lter ed data hasSNR= 234. (d) Result after
denoisingby wavelet coef cient thresholding The
resulting data hasSNR= 22:3.

methodsmoothsto strongly andfor SNRsabove 30
dB, the output SNR is actually lower than the input
SNR. The wavelet-basednethoddoesnot have this
problem,andtheoutputSNRis in theworstcaseequal
to the input SNR. We also performedthe expetiment
(resultsnotincluded)with the OBSA 5-3wavelet,and
its performanceds similar to the performanceof the
OBSA 7-5 wavelet. However, the performancefor
low SNRis worse,which canbe explainedby thefact
that the OBSA 5-3 wavelet is not as smoothas the
OBSA 7-5wavelet.

For comparison,we implementedcomponenbased
scalarwavelet-basedlerpising, i.e. we treatedeach
componentof the vector eld as a scalardata set,
and applied scalar denoising. We used a fourth-
order B-spline wavelet [Chu92] as a basic wavelet.
It is clearthat component-wisalenoisinghasa con-
sistently lower performancethan a vectorbasedap-
proachfor the waveletswe tested seeFig. 4. We pre-
sumethisis dueto possibility of changinghe orienta-
tion of a vectorwhenits componentsrethresiolded
independentlyA moreextensve investigationis nec-
essaryto seeif this is indeedthe causeof the lower
performance.
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Figure 4. The output SNR plotted againstthe in-
put SNR of wavelet-baseddenoising (OBSA 7-5)
and Gaussian ltering (FWHM) with | ters of in-
creasingwidth. Also plotted is the performance
of scalar wavelet-baseddenoisingof the individual
vector componentsindependently of eachother.
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Figure 5. Output MSE plotted against the input
SNR of wavelet-baseddenoising (OBSA 7-5) and
Gaussian Itering (FWHM) with lters of increas-
ing width. Also plotted is the performanceof scalar
wavelet-baseddenoising of the individual vector
componentsindependently of eachother.

We alsocomputedthe meansquareerrors(MSE) be-
tweenthe original dataandthe denoisediata,andthe
resultsare shaovn in Fig. 5. The vertical axisis on a
logarithmicscale. Theplot con rms thatGaussianl-
tering smoothsoo muchwhenthe noiselevel is low,
which resultsin an MSE thatis almosttwo ordersof
magnituddargerin comparisorwith our method.

Although the SNRis a good measuréor the overall
performancejt is not suitableto measire how well
localfeaturesareretained A problem however, is that



Figure 7. Detail imagesof alarger coherent feature
in the data, selectedfrom the larger structuresin
the upper left quadrants of the imagesin the third

row of Fig. 6. (a) Noise-freedata. (b) Gaussian I-

tering. (c) Wavelet-baseddenoising Note how the
small vertical structur e on the left disappears with
Gaussian ltering .

wedonotactuallyhave suitablequantitatve measures,
thereforewe rende animageof thefeatureof interest,
andmalke avisualassesmentof theperformanceOur

featureof interestis ameasuref vorticity, commonly

referredto asthe [ ,-de nition [Je095]. The method
computegheeigervalues! 1,/ 2, andl 3,11 12 13,

of thematrix

J+JT 2+ J Jr 2

M =
2 2

(13)

Here,J is thevelocity gradientensor Vortex coresare
de ned asthepointswherel 7 is negative.

Figure 6 shawvs colorencoded(blue to red) I , val-

uesin a selectedrange for some of the generated
noisyvector elds (left column),andtheresultsof de-
noising thesedatasetsby Gaussianlte ring and our

method. The middle column shavs the bestresults
obtainedby Gaussianltering, andthe right column
shaws the resultsof our methodusingthe OBSA 7-5

multiwavelets. The SNRis displayedbelov eachim-

age,as well asthe Iter sizeof the Gaussiarkernel,
andthe percentagef waveletcoefcients thatremain
afterthresholding Thesepercentageareindicative of

thepower of waveletsto capturerelevantfeatureswith

only asmallnumberof coefc ients.

For the high SNR input (almostnoisefree), Gaussian
Itering missedetails,especiallyin theareawith ne
detail. An exampleof lossof detailis shawvn in Fig. 7,
in whichasmallverticalstructures visiblein theorig-
inal data(Fig. 7(a)),whichis lostby Gaussian ltering
(Fig. 7(b)), but retainedby our wavelet-basednethod

(Fig. 7(c)).

We have seenthatfor high noiselevels, Gaussianl-
tering performsbetter becausestrongerlow-pass I-
tering is needed. However, this is also possibleto
performwith our method. It appearghat the thresh-
old selectionprocessunderestimatethe noiselevel,

() (d)

Figure 8. Denoising of the noisy vector data with

SNR= 10. All imagesshow color-encaded / > val-
uesin a selectedrange. (a) Rendering of the noise-
free data. (b) Result of Gaussian ltering with

FWHM 5. (c) Wavelet-baseddenoising with au-
tomatic thresholdselection. The threshob is such
that 5% of the largestdetail coef cients remain af-
ter thresholding (d) Wavelet-baseddenoisingwith

the thr eshold lowered to a value suchthat only 2%

of the largestdetail coef cients are retained.

andthata lower thresholdvalueis necessaryWe per

formedasimpleexperimentwith thenoisyvecbor data
with SNR= 10to seeif it is possibleto improve the
output of our method, and the resultsare shovn in

Fig. 8. Thel , valuesof the noise-freedataareshown

in Fig. 8(a). Werepeatheresultsof Gaussia It ering
andourmethodin Fig. 8(b) andFig. 8(c), respedwely.

Our methodretainsabout5% of the largestdetail co-
ef cients. Whenwe lowerthethrestold suchthatonly
2% of the largestcoefc ientsareretained,we obtain
theimageshavn in Fig. 8(d). The SNRimprovesonly
slightly to SNR= 225, but the visual appearancef

the featuresis muchimproved, andwe alsosee are-
ductionof artifacts,i.e., featuesintroducedthatwere
notin theoriginalnoise-freedata.Althoughthisshows
thatit is possibleto obtainamore smooth'resultwith

our method,the problemis that this approachintro-
ducesa parametel(the numberof coefcients to re-
tain) in themethod.
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Figure 6. Resultsof denoisingusing Gaussian ltering and waveletbaseddenoising All imagesshow color-
encoded/ , valuesin a selectedrange. Left column: noisy input data of various signal-to-noiseratios.
Middle column: resultsof Gaussian lteri ng using the Iter with the best performance. Right column:
wavelet-baseddenoisingwith the OBSA 7-5 multiwavelets. The depth of the wavelet decomposition was
xed at threelevels. The resulting SNR after denoisingis shown below the images. Additionally, the right
column shaws the percentageof remaining wavelet detail coef cients.



5. DISCUSSION
We have proposeda denoisingmethodfor 2-D vec-
tor elds that are corruptedby additive noise. The
methods anextensio of scalawavelet-basedenois-
ing techniquedo vectordata,andmakesuseof avec-
tor wavelettransform.

We have shawn thatthe proposednethodoutpeforms
Gaussiarsmoothingfor low to moderatenoiselevels.
For very high noiselevels, the wavelet thresholdse-
lection appeardo underestimatehe noiselevel, and
in suchcase Gaussianlteri ng performsbetter How-
ever, by adaptinghethresholdwe have demongrated
that the resultcan be improved. This shaild be in-
vestigatedin a more systematiovay, andit would be
interestingto seeif otherwaveletcoefcient threshold
selectionschemegproducebetter results.

We have alsoperformeda simple experimentin which
we usedscalardenoisingappliedto the vector com-
ponentsindependently The resut of this expeiiment
shaws that it is necessaryo treatthe vector compo-
nentsin a coupledway. It would be possilbe to use
a component-wisacalarwavelettransformcombined
with our proposedrectorcoefcient thresholding We
expect, however, that the performancewill still be
lower, sincethe vectorwavelettransformalreadycon-
sidersthe coupling of the vector componentsiuring
thedecompositiorphase.

Currently we are working on an extensbn to vec-
torswith threecomponentsThis is challenging since
most researb has focussedon multiwavelet design
for vedors of only two components. This extension
would openup the possibility of denoising3-D vec-
tor elds, andcouldalsoresultin a promisingdenois-
ing methodfor diffusion-tensoMRI volumetricdata.
It may also be usefulfor the study of cardiosascular
function,anda comparisorwith the methodproposed
by Ng [Ng03], shouldbe made. Finally, it is neces-
saryto evaluatethe methal on PVI datasets,whichis

ongoingwork.
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