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AB STRACT

Uns tr u ctu red tetrah ed ral g r id s are a com m on d ata
rep res entation of th ree-d im ens ional s calar fi eld s .

For convex u ns tr u ctu red m es h es effi cient rend ering
m eth od s are k nown. For concave or cyclic m es h es ,
h owever, a s ig nifi cant overh ead is req u ired to s ort
th e g r id cells in back to front ord er. In th is p a-
p er we ap p ly m eth od s k nown from com p u tational
g eom etry to trans form concave into convex g r id s .
Wh ile th is is s u e h as been s tu d ied in th eory it h as
not yet been ap p lied to th e s p ecifi c area of u ns tr u c-
tu red volu m e rend ering . Th is is m ainly d u e to th e
com p lexity of th e req u ired g eom etr ical op erations .

We d em ons trate th at th e convexifi cation of concave
g r id s can be ach ieved by a com bination of s im -
p le op erations on triang le m es h es . For convexifi ed
m es h es th e exp erim ental res u lts s h ow th at th e p er-
form ance p enalty is only abou t 7 0 % in com p ari-
s on to ap p roxim ately 30 0 % for th e fas tes t k nown
concave s orting alg orith m . In ord er to ach ieve
h ig h -q u ality vis u aliz ations we als o ad ap t th e p re-
integ rated lig h ting tech niq u e to cell p rojection.

K E Y WO RDS

Volu m e rend ering , u ns tr u ctu red g r id s , cell p ro-
jection, vis ibility s orting , convexifi cation, p re-

integ ration.

1 M o tiva tio n a n d R e la t e d Wo r k

C ons id er ing th e fu nctional rang e of g rap h ics li-
braries lik e Op enGL it is obviou s th at th es e libraries
h ave a rich tool s et for m anip u lation and rend er-
ing of tr iang le m es h es . On th e oth er h and , tetrah e-
d ral m es h es , wh ich are th e th ree-d im ens ional cou n-
terp art of tr iang le m es h es , h ave very little s u p p ort.
However, if a volu m etr ic p r im itive were available
rig h t ou t of th e box, d irect volu m e vis u aliz ation of
u ns tr u ctu red g r id s wou ld be s traig h t forward . To
ach ieve th is g oal, King et al. [ 7 ] h ave p rop os ed a

d ed icated g rap h ics h ar d ware arch itectu re, bu t u n-
fortu nately th e arch itectu re h as not been realiz ed
yet. E ffi cient s weep p lane alg orith m s for u ns tr u c-

tu red d ata are well es tablis h ed [ 1 4 , 3], bu t cu r rently
th e bes t s u ited m eth od for d ealing with volu m etr ic
rend ering p r im itives is th e p rojected tetrah ed ra ( P T)

alg orith m of Sh ir ley and Tu ch m an [1 3].

R ecently, a com p eting h ar d ware-accelerated ap -
p roach h as been p res ented by Weiler et al. [ 1 8 ] .
Th ey p rop os ed a h ard ware-accelerated ray cas ter.

Wh ile th is is a p rom is ing ap p roach , it cu r rently h as
s everal d rawback s . Fir s t th e available textu re m em -
ory lim its th e m axim u m nu m ber of cells th at can
be ray cas t. Second ly, ray cas ting is a s creen s p ace
m eth od as op p os ed to th e P T alg orith m , wh ich is an
object-s p ace m eth od . Finally, th e p erform ance of
a h ard ware-accelerated ray cas ter m ay increas e s ig -
nifi cantly with fu tu re g rap h ics card s bu t r ig h t now
its p erform ance is in fact s till lower th an th os e of
actu al op tim iz ed im p lem entations of th e P T alg o-
r ith m .

Th e P T alg orith m req u ires th e cells of th e g r id to
be s orted in a back to front fas h ion. Th is p roced u re
is k nown as vis ibility or d ep th s orting , wh ich Wit-
tenbrink [ 2 2 ] p oints ou t, is th e m ain lim iting factor
of th e P T alg orith m . In th e following we s h ow h ow

to rem ed y th is m ain d efi ciency of th e P T alg orith m .
B y introd u cing an effi cient vis ibility s orting alg o-
r ith m we g ain a s ig nifi cant p erform ance ad vantag e.

A read er fam iliar with th e top ic of vis ibility s ort-

ing m ay s k ip th e introd u ction in th e following s ec-
tion and m ay ju m p d irectly to Section 3.

2 T h e P T A lg o r it h m

Th e cell p rojection alg orith m of Sh ir ley and Tu ch -
m an is com m only called th e p rojected tetrah ed ra
( P T) alg orith m . I t tak es a s calar volu m e cons tr u cted
from tetrah ed ra as inp u t, and com p os es th e p ro-

jected tetrah ed ral cells in a back to front fas h ion.
Th e footp r int of each p rojected tetrah ed ron eith er
cons is ts of th ree or fou r tr iang les centered arou nd
th e “ th ick vertex” of th e tetrah ed ron as illu s trated
in Fig u re 1 .

Th e volu m etr ic p r im itive of a tetrah ed ron is
trans ferred into a tr iang u lar rep res entation th at can
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Class 1a Class 1b Class 2

thick vertex

Figure 1 : Clas s ifi cation of non-d egenerated p ro-

jected tetrah ed ra (top row) and th e corres p ond ing
d ecom p os ition (bottom row) accord ing to S h irley
and Tuch m an [1 3 ] .

be rend ered effi ciently by th e grap h ics h ard ware.
Th is exp lains th e p op ularity of th e algorith m , s ince
its p erform ance d irectly relates to th e num ber of
cells in th e d ata s et. In contras t to ray cas ting and
s weep p lane m eth od s th e p erform ance is alm os t in-
d ep end ent of th e s iz e of th e viewing wind ow.

In recent years th e original ap p roach h as been ex-
tend ed in num erous ways and is s till und er active
res earch . Th e fi rs t im p rovem ent was p res ented by
S tein et al. [ 1 6 ] . Th ey us ed a m ore accurate exp o-

nential interp olation of op acities ins id e th e tetrah e-
d ra ins tead of th e linear ap p roxim ation of th e origi-
nal ap p roach .

In p rincip le, th e colors and op acities as s igned to
th e tetrah ed ral d ecom p os ition corres p ond to th e line
integral along th e inters ection of each viewing ray
with th e tetrah ed ron. Us ing th e volum e d ens ity op -
tical m od el of William s [ 1 9, 1 0 ] , th e com p lexity of
th e line integral d ep end s on th e trans fer functions of
th e op tical m od el.

Th e line integral can be s olved analytically for
th e s p ecial cas e of a linear trans fer function. L ater
th is was extend ed for p iecewis e linear trans fer func-
tions in th e HIAC s ys tem [ 2 0 ] . For arbitrary trans fer
functions , h owever, a num erical integration of th e
trans fer function is neces s ary. Wh ile th e num erical
integration cannot be p erform ed on th e fl y, th e line
integral can be p re-com p uted and s tored in a th ree-

d im ens ional lookup table. Th is ap p roach is called
p re-integrated cell p rojection [1 2 , 9].

M os t recently, th e increas ing p rogram m ability

of th e grap h ics h ard ware h as lead to furth er im -
p rovem ents : Th e large s iz e of th e th ree-d im ens ional
p re-integration table p revented th e us e of a h igh -

res olution trans fer function. Th is d rawback was re-
s olved by a p olynom ial recons truction of th e p re-
integration table in th e p ixel s h ad er of m od ern
grap h ics accelerators [ 5 ] . Us ing th is ap p roach only
th e coeffi cients for th e L agrangian p olynom ial ap -

p roxim ation of th e line integral need to be s tored
ins tead of th e m em ory cons um ing p re-integration
table its elf.

Us ing th e increas ing cap abilities of grap h ics ac-
celerators th e d ecom p os ition of th e tetrah ed ra into
triangles can als o be p erform ed in th e vertex s h ad er.
Th is is called h ard ware-accelerated cell p rojec-
tion [1 7 , 2 3 ] . Alth ough th is ap p roach d oes not yet
lead to a s ignifi cant p erform ance gain it is exp ected
th at grap h ics accelerators of th e next generation will
be m uch m ore effi cient. Th en th e rend ering s p eed

p rim arily d oes not d ep end on th e p erform ance of
th e cell p rojection, but rath er on th e s p eed by wh ich
th e CPU is able to feed th e GPU over th e AGP or
PCI-E xp res s bus .

S ince th e tetrah ed ra m us t be p roces s ed in a s orted
ord er, th at is us ually in a back to front fas h ion, th e
overall s ys tem p erform ance will be d eterm ined by
th e effi ciency of th e vis ibility s orting algorith m and
th e s p eed of th e d ata trans fer over th e bus . Witten-
brink [2 2 ] p oints out th at a read -write-read cycle of
th e tetrah ed ra is m and atory for vis ibility s orting and

conclud es th at th e m em ory acces s req uired for each
tetrah ed ron is th e m ain lim iting factor of th e PT al-
gorith m .

Th erefore, our p rim e goal in th is p ap er is to d e-
vis e a vis ibility s orting algorith m th at keep s p ace
with th e growing s p eed of th e grap h ics accelerators .
For th is p urp os e we fi rs t give a brief s urvey of exis t-
ing vis ibility s orting m eth od s and d is cus s th eir ad -
vantages and th eir lim itations .

3 Vis ib ilit y S o r t in g

B y d efi nition an uns tructured tetrah ed ral grid is a

collection of tetrah ed ra, wh ere it is as s um ed th at th e
inters ection of two tetrah ed ra is eith er em p ty or a
com m on face. An uns tructured grid is s aid to be
convex, if th e faces wh ich are not s h ared between
two tetrah ed ra form th e convex h ull of th e d ata s et.
Th is d efi nition of a convex grid exclud es both th e
d is connectivity of th e d ata s et and th e exis tence of
cavities .

Th e tas k of vis ibility s orting is clos ely related to
grap h th eory: for a convex grid th e s et of tetrah ed ral
p airs (A,B ) with a com m on face d efi ne th e ed ges of

a d irected grap h . Th e d irection of each ed ge d e-
term ines th e ’beh ind ’ relations h ip , th at is wh eth er
or not cell A occlud es cell B . Th e d irection of th e
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edge can be determ ined q u ick ly by com p u ting th e
dot p rodu ct of th e viewing direction with th e nor-
m al of th e com m on face.

T h e directed grap h im p oses an ordering on th e
set of tetrah edra wh ich is said to be th e visibility
or dep th ordering. If th e directed grap h is acyclic
(DAG) th en th e ordering is total bu t it need not be
u niq u e.

T h e well k nown M P VO algorith m of William s et

al. [21 ] com p u tes a visibility ordering for a convex
grid by traversing th e DAG: wh enever th e algorith m
encou nters a cell wh ich does not occlu de u nvisited
neigh bou rs it ou tp u ts th e cell, oth erwise it traverses
th e grap h in th e direction of th e edges. In th is fash -
ion a dep th sorted list of tetrah edra is constr u cted
for each sp ecifi c p oint of view.

T h e cost of th e M P VO algorith m is eq u al to th e
cost of a dep th -fi rst or breadth -fi rst grap h traversal,
so th at th e r u n tim e com p lexity is linear in term s of
th e nu m ber of cells.

4 Trea tm en t o f C y c les

I t h as to be m entioned th at in th e m ajority of cases
th e sorting grap h will be a DAG. However, a cycle
m ay occu r q u ite easily. For exam p le a gear with
slanted teeth m ay h ave a cycle: wh en look ing along
th e axis of th e gear th e teeth m ay occlu de each oth er
in a cyclic way (see also William s et al. [21 ]).

In th e case of a cyclic grap h any grap h sorting
algorith m will fail, bu t we still h ave two op tions to
p roceed. T h e fi rst op tion is to cu t th e cycle ap art
by selecting an ap p rop r iate cu tting p lane. T h is is a
diffi cu lt task even for sim p le cycles. A better op tion
is to u se th e M P VO-C algorith m of Krau s et al. [ 8 ].

T h is algorith m can h andle arbitrary m esh es in-

clu ding cyclic m esh es with ou t th e need of sorting,
bu t h as q u adratic r u n tim e in contrast to th e linear
r u n tim e of th e M P VO algorith m . T h e M P VO-C al-
gorith m is th e th ree-dim ensional analogu e to S ny-
der and L engyel’s algorith m of rendering cyclic tr i-
angles.

S ince th e r u n tim e is q u adratic we need to u se
M P VO-C as a fall-back solu tion. In th e case th at

th e visibility sorting algorith m h as detected a cycle
we u se M P VO-C to render th e sm all grou p of cells
th at cau se th e cycle. In com bination with M P VO
th e detection of a cycle and th e identifi cation of its
cells is straigh t forward u sing standard grap h th eory
and does not increase th e r u n tim e com p lexity of th e
M P VO algorith m (also com p are [8 ]).

If a cycle is detected on th e fl y, th e M P VO-C al-
gorith m is tr iggered for th e set of cells th at form
th e cycle. S ince th ese u su ally only m ak e u p for a

tiny fraction of th e entire data set, th e worst case
ru n tim e com p lexity is q u adratic bu t th e average ru n
tim e com p lexity is still linear.

5 Vis ib ilit y S o rtin g o f C o n c a ve G rid s

Concave or disconnected grids cannot be h andled
correctly by th e M P VO algorith m since th e beh ind
relations are not defi ned for th e bou ndary faces.
T h is fact is illu strated in Figu re 2 wh ich sh ows a
gear rendered with correct ordering and a difference
im age sh owing th e artifacts p rodu ced by th e M P VO
algorith m . A straigh t forward solu tion for th is p rob-
lem is sim p ly to add th e m issing relations between
th e bou ndary faces to th e DAG.

Figu re 2: Artifacts p rodu ced by incorrect visibility

ordering u sing th e M P VO algorith m (correct im age
on th e left and difference im age on th e righ t).

S everal algorith m s are k nown wh ich com p u te th e
m issing relations. T h e M P VO-NC algorith m is an
extension p resented by William s in h is M P VO p a-
p er. I t u ses a sim p le h eu r istic for th e determ ina-
tion of th e additional face relations. T h is h eu r istic
is easy to com p u te bu t in m any cases is not able to
determ ine th e correct set of relations. T h e X-M P VO
algorith m of S ilva et al. [ 1 5 ] u tiliz es a sweep p lane
p arallel to th e viewing p lane to p rocess th e bou nd-
ary faces in dep th sorted order and th u s is able to

fi nd th e correct relations. B ecau se of th e exp ensive
sweep p lane calcu lations th is m eth od was later im -
p roved by Com ba et al. [ 1 ] wh o introdu ced a B S P
tree for th e effi cient com p u tation of th e bou ndary
relations. T h is m eth od is called B S P -XM P VO.

Anoth er fast sorting algorith m for concave
m esh es is th e so called tangential distance or p ower
sort [ 6 ] wh ich req u ires th e m esh to fu lfi ll th e De-
lau nay criter ion. Alth ou gh th e asym p totic r u n tim e
com p lexity is O(n logn) th e average ru n tim e com -
p lexity is O(n). For m esh es wh ich are not Delau nay

m esh es, a new m esh can be constr u cted th at fu lfi lls
th e Delau nay criter ion. In th ree dim ensions, h ow-
ever, th is often req u ires th e addition of new vertices
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to th e d ata set, th u s th e m esh top olog y cannot be
p reserved in g eneral.

Note th at all th ese sorting alg orith m s for concave
g r id s assu m e th e m esh to be acyclic.

6 C o n ve x ifi c a t io n o f Te tr a h e d r a l

G r id s

An analysis of cu r rent visibility sorting alg orith m s
sh ows th at B S P -XM P VO on th e one h and p rod u ces
correct resu lts for all typ es of m esh es exclu d ing
cyclic m esh es. On th e oth er h and it is sig nifi -

cantly slower th an M P VO, wh ich fails to sort con-
cave m esh es. C yclic m esh es can be h and led with
th e M P VO-C m eth od . An op tim al g rap h sorting
alg orith m wou ld com bine th e ad vantag es of th ese
m eth od s.

S u ch an op tim al sorting alg orith m h as alread y
been p rop osed by P eter William s [21]. He su g -
g ested to ad d im ag inary cells to a concave d ata set

in ord er to transform it into a convex m esh , th at is
to fi ll ou t th e cavities of a d ata set with au xiliary
cells so th at th e extend ed m esh cou ld be h and led by
u sing th e p lain M P VO alg orith m .

He also noted th at “ T h e im p lem entation of th e
p rep rocessing m eth od s [ ...] for converting a non-
convex m esh into a convex m esh cou ld take a very
sig nifi cant am ou nt of tim e; th ey are by no m eans

tr ivial. [ ...] T h erefore, th e M P VO alg orith m for
nonconvex m esh es, wh ich h as been fou nd to be easy
to im p lem ent, m ay fi ll an im m ed iate need d esp ite its
sh ortcom ing s” .

C onvexifi cation alg orith m s are known from com -
p u tational g eom etry [4] and are well stu d ied in th e-
ory. B u t to ou r knowled g e a convexifi cation alg o-

r ith m th at is easy to im p lem ent h as not yet been
u tiliz ed for th e p u r p ose of d ep th sorting an u nstr u c-
tu red g r id .

In th is p ap er we im p lem ent su ch a convexifi ca-
tion alg orith m . T h e key id ea is not to try to ad d
im ag inary tetrah ed ra to th e concave d ata set bu t
rath er to su bseq u ently break u p th e cavities into
sets of convex p olyh ed ra and treat th ese p olyh e-

d ra as im ag inary cells. For th at p u r p ose we com -
bine several stand ard alg orith m s d ealing with tr ian-
g le m esh es in a new and u niq u e way. If th e orig i-
nal concave m esh also contains cycles we can u se
th e M P VO-C alg orith m to take care of th e cycles as
ou tlined in S ection 4.

S ince th e ru n tim e of th e M P VO alg orith m is lin-
ear in term s of th e nu m ber of cells, th e p erform ance

d ecreases with th e nu m ber of au xiliary cells. In
p ractice th e nu m ber of au xiliary p olyh ed ra is sm all
in com p arison to th e total nu m ber of cells so th at th e

sorting p erform ance is still linear on th e averag e.
T h is is analyz ed in m ore d etail in S ection 7 .1. In
th e following we g ive an alg orith m ic d escrip tion of
ou r p rop osed tetrah ed ral convexifi cation alg orith m .

6.1 B a s ic Alg o r it h m

L et S be a set of tr iang les th at form th e closed
bou nd ary su rface of a volu m e. We assu m e th at th e

norm als of su ch a tr iang le set p oint ou tward s. T h en
th e volu m e is said to be concave if th e op ening an-
g le at th e com m on ed g e of two triang les is less th an
18 0 ◦. T h e volu m e is said to be connected if all tr i-
ang les can be reach ed by traveling along th e ed g es
of th e bou nd ary. With th ese d efi nitions th e convex-
ifi cation of an u nstr u ctu red tetrah ed ral g r id can be
d escribed with th e fi rst step as follows:

1) S0 initially contains th e bou nd ary faces of th e
u nstr u ctu red g r id

2) fl ip th e norm als of all tr iang les in S0

3) ad d th e tr iang les of th e convex h u ll of th e g r id
to S0 with all norm als p ointing ou tward s

4) rem ove all tr iang les from S0 th at ap p ear twice

Now S0 contains th e bou nd ary d escrip tion of th e
sm allest exterior volu m e th at need s to be ad d ed in

ord er to g enerate a convex m esh (com p are left sid e
of Fig u re 3). T h is volu m e can be concave or even
d isconnected . If S0 is em p ty, th e tetrah ed ral m esh
is alread y convex and can be fed d irectly into th e
M P VO/M P VO-C sorting alg orith m . Alternatively,
we can rep lace S tep s 3) and 4) by ju st ad d ing th e
faces of a bou nd ing box (see rig h t illu stration in
Fig u re 3).

exterior
volume

tetrahedral
mesh

boundary
normals

Fig u re 3: Determ ining th e exterior volu m e ( d e-

p icted in lig h t g reen). Left: m inim al volu m e u sing
convex h u ll. Rig h t: easy setu p with bou nd ing box.

As m entioned above, we d o not try to fi ll th e ex-
terior volu m e with tetrah ed ra bu t we rath er break
it u p into a set of n convex p olyh ed ra Si, i = 1..n.

T h is is ach ieved by cu tting away one concavity af-
ter anoth er by u sing a com bination of sim p le op era-
tions on triang le m esh es. For each d etected concav-
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ity th e exterior volu m e is s p lit into two s u b-volu m es
s im ilar to binary s p ac e p artition. Th is op eration is
rep eated u ntil all s u b-volu m es h ave been s p lit into
c onvex p olyh ed ra:

n = 1; S1 = S0

rep eat
if Si is d is c onnec ted for any i = 1..n

1) s ep arate Si into a c onnec ted c om -
p onent S

′

i
and th e rem aining s u b-

volu m e S
′′

i

els e if Si is c onc ave

2) c h oos e triang le T ∈ Si s o th at th e
p lane P th rou g h T c u ts Si into two
non-em p ty s u b-volu m es S

′

i
and S

′′

i

3) m ove eac h tr iang le T ∈ Si to its c or-
res p ond ing s u b-volu m e

4) tr iang u late th e inters ec tion of th e
c u tting p lane P with Si and ad d th e
res u lting tr iang les to both S

′

i
and S

′′

i

end if
n = n+1; Si = S

′

i
; Sn = S

′′

i

u ntil Si is c onvex and c onnec ted for i = 1..n

In S tep 3) th e triang les th at inters ec t with th e c u t-
ting p lane P h ave to be s p lit and th e res u lting s u b-
triang les h ave to be m oved into th e c orres p ond ing
s u b-volu m e S

′

i
or S

′′

i
. Note th at th e tetrah ed ral m es h

is not s p lit at all. Only a bou nd ary fac e m ay be
s p lit s o th at th e DAG h as m u ltip le d ep end enc ies for
th is fac e (als o c om p are bottom rig h t of Fig u re 5 ) .
Th e inters ec tion of th e c u tting p lane P with a s u b-
volu m e Si is a p olyg on wh ic h m ay be c onc ave or
even d is c onnec ted . Th is p olyg on h as to be triang u -
lated and ad d ed to both s u bs ets S

′

i
and S

′′

i
, s inc e oth -

erwis e th e s u b-volu m es wou ld not be c los ed . Tri-
ang les wh ic h lie in th e c u tting p lane are a s p ec ial
c as e and m u s t be ad d ed to only one s u b-volu m e. To
avoid nu m eric al ins tabilities we m ove vertic es with

a very s m all d is tanc e to P onto th e c u tting p lane, s o
th at im p os s ible c u tting c onfi g u rations c annot oc c u r
d u e to fl oating p oint errors .

Th e d es c r ibed c onvexifi c ation alg orith m d oes not
req u ire c om p lex volu m etric op erations bu t rath er is
a c om bination of well known alg orith m s working
on p olyg ons . In th is way th e g oal of fi lling an ar-
bitrarily c om p lex volu m e with tetrah ed ra is broken
d own to a nu m ber of well analyz ed op erations on
triang le m es h es . To ou r knowled g e th is s p ec ifi c ap -
p roac h is new in th e res earc h area of vis ibility s ort-

ing (als o c om p are rec ent res earc h on c onvexifi c a-
tion [2]) . In th e wors t c as e one iteration of th e c u t-
ting alg orith m is need ed for eac h fac e of th e bou nd -

ary. For eac h c u t th e triang u lation in S tep 4) is
th e m os t exp ens ive op eration with O(b log b) wors t
c as e ru n tim e and b being th e nu m ber of bou nd -
ary fac es in th e s u b-volu m e. Th erefore, th e wors t
c as e ru n tim e for th e p rep roc es s ing of th e tetrah e-

d ral m es h is O(b2 log b). In p rac tic e, h owever, eac h
c u t ap p roxim ately h alves th e nu m ber of triang les in
a s u b-volu m e. Th u s , th e averag e p rep roc es s ing tim e
is O(b log 2

b).

6.2 Cu tt in g P la n e S e le c t io n

Th e ru n tim e of th e M P VO alg orith m for a c onvexi-
fi ed m es h d irec tly relates to th e nu m ber of au xiliary
c ells . S o ou r g oal is to keep th e nu m ber of g enerated

au xiliary c ells as low as p os s ible. Th is is ac h ieved
by an ap p rop riate s elec tion of th e c u tting p lane.

A fi rs t ap p roac h wou ld be to s elec t th e c u tting
p lane wh ic h bis ec ts eac h s u b-volu m e. Th is is a
s im ilar s trateg y to th e c ons tr u c tion of B S P trees in
c om p u ter g am es . Here th e B S P p erform anc e relies

on eq u al s iz ed leave nod es , for wh ic h th e bis ec tion
s trateg y works well. In ou r c as e, h owever, th e s iz e
of th e nod es is not relevant, s inc e th e c ells are im ag -
inary and th u s need not be rend ered . Ins tead we
want to m inim iz e th e total nu m ber of au xiliary c ells .

Fig u re 4: S elec tion of c u tting p lane. Left: bad B S P
s trateg y (no c onc avity c u t away). M id d le: elim i-
nation of one c onc avity. Rig h t: elim ination of two
c onc avities (bu t total nu m ber of au xiliary c ells is
th e s am e, s inc e th e bottom s u b-volu m e is d is c on-
nec ted ) .

In p rinc ip le, th e c u tting p lane P s h ou ld be c h o-
s en s o th at th e c orres p ond ing tr iang le T h as at leas t
one neig h bou r with an op ening ang le les s th an 18 0 ◦.
Th is ens u res th at at leas t one c onc avity is c u t away

from th e s u b-volu m e. S inc e th ere are u s u ally m any
triang les th at fu lfi ll th is c ond ition (s ee m id d le and
rig h t c as e in Fig u re 4), we p rop os e th e following
s elec tion c riterion.

Th e c riterion is bas ed on th e fu nd am ental obs er-
vation th at th e nu m ber of g enerated au xiliary c ells

at eac h c u tting s tep d ep end s on th e nu m ber of inter-
s ec tions of th e c u tting p lane with th e s u b-volu m e.
Th e m ore inters ec tions th e c u tting p lane h as with
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the bou nd ary of the su b-volu m e, the m ore au xiliary
cells are g enerated .

As an exam p le, Fig u re 5 shows the convexifi-
cation of a sim p le two-d im ensional object. After

check ing p ossible cu ts we cou ld vote for the hor-
iz ontal cu t on the top r ig ht of Fig u re 5 which has
4 intersections with the bou nd ary. B u t then the
sm all cell d ep icted in brig ht red wou ld be g enerated .
This cell is red u nd ant, since it d oes not elim inate
any concavity. S o we better vote for the vertical
cu t which has only 2 intersections. The resu lting
left su b-volu m e is convexified easily by one ad d i-
tional cu t. The rig ht su b-volu m e req u ires another
two cu ts. We can choose either of three p ossible
cu ts, since all have the sam e intersection cou nt. Fi-

nally we have fou nd a convexification consisting of
five au xiliary cells (bottom r ig ht of Fig u re 5).

In contrast to the two-d im ensional exam p le, the
m esh top olog y can be m ore com p lex in three d i-
m ensions. B u t cu ts with few intersections with a
su b-volu m e also tend to p rod u ce few au xiliary cells.
This is not a str ict p rop erty, since a seem ing ly bad
first cu t m ay in som e cases enable a better second
cu t. The d eterm ination of the best p ossible cu t is
a very exp ensive op tim iz ation p roblem . Therefore
it is infeasible in p ractice. The d escribed selection

heu r istic, however, work s well in p ractice as shown
in S ection 7.

In ord er to sp eed u p the d eterm ination of a g ood
cu t we ju st rand om ly select a sm all fixed nu m ber of
cand id ates and choose the best cu t of this g rou p . A
very sim ilar strateg y is u sed by the B S P -XM P VO
sorting alg orithm for the constr u ction of its B S P
tree.

Cut 3

Fig u re 5: 2D convexification exam p le with resu lt-
ing sorting g rap h. The lig ht red balls d ep ict cells
with m u ltip le d ep end encies for a face. The g ener-
ated au xiliary (im ag inary) cells have been m ark ed

lig ht g reen.

Using the d escribed convexification ap p roach,
Fig u re 6 shows the convexified B lu nt Fin d ata set
(S0 was d erived from a bou nd ing box). For this
d ata set a sing le au xiliary cell is g enerated . Only
this im ag inary cell need s to be ad d ed to the orig inal

d ata set to bu ild a convex m esh. S im ilar ly, the con-
vexification of the Oxyg en P ost, Tap ered Cylind er
and Heat S ink d ata sets only req u ires the ad d ition
of one au xiliary cell. M any other d ata sets encou n-
tered in p ractice cannot be hand led as easy as this,
bu t the B lu nt Fin exam p le illu strates that au tom atic
convexification is straig ht forward in m any cases.
Du e to the sing le au xiliary cell the p erform ance of
the M P VO for the convexified B lu nt Fin is virtu ally
the sam e as the p erform ance of the orig inal M P VO-
NC alg orithm .

Fig u re 6: In ord er to convexify the B lu nt Fin d ata
set only one au xiliary cell need s to be ad d ed (d e-

p icted below the wire fram e m od el) .

Fig u re 7 illu strates the p rocess of sp litting the ex-
terior volu m e into convex p olyhed ra. The corners of
the su r rou nd ing bou nd ing box are cu t away u ntil fi-
nally a larg e im ag inary cylind er and im ag inary con-
vex p olyhed ra between the teeth rem ain. Note that
the cylind er need s to be sp lit becau se the q u ad r i-
laterals on its su rface are nonp lanar and thu s have
concavities.

Fig u re 7: Convexification exam p le of a g ear: exte-
r ior volu m e (left) , wire fram e of u np rocessed exte-

r ior volu m e (m id d le) , and exterior volu m e sp lit into
convex p olyhed ra.
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7 I m p le m e n t a t io n

Ou r im p lem entation of th e M P VO alg orith m h as a
p erform anc e of abou t 2,1 m illion tetrah ed ra p er sec -
ond on an an Intel P entiu m 4 p roc essor with 3 ,0
GHz .

At th ese c loc k sp eed s th e sorting alg orith m is
m ainly m em ory bou nd (as p ointed ou t by Witten-

brink ) . To red u c e th e traffi c on th e m em ory bu s we
u se an ind exed d ata str u c tu re. Ad d itionally, we also
u tiliz e an ind exed norm al d ata str u c tu re wh ic h lead s
to a p erform anc e inc rease of abou t 3 0 -60 % d ep end -
ing on th e reg u lar ity of th e d ata set (e.g . B lu nt
F in 59 % and S P X 3 1% ) . Tog eth er with an IS S E
enh anc ed c ell p rojec tion alg orith m we ac h ieve an
overall rend ering p erform anc e of abou t 1,25 m illion
tetrah ed ra p er sec ond on an NVIDIA GeF orc e F X
58 0 0 g rap h ic s ac c elerator.

Th e B lu nt F in d ata set in F ig u re 6 with 2248 7 4
tetrah ed ra rend ers at ap p roxim ately 5.5 fram es p er

sec ond . Th e p erform anc e for th e S P X d ata set is
g iven in Table 8 . Th e fi rst row sh ows th e resu lts
of u sing th e p lain M P VO alg orith m wh ic h is fastest
bu t d oes not rend er th e S P X d ata set c orrec tly. With
an inc reasing nu m ber of tested c u tting p lanes th e to-
tal nu m ber of au xiliary c ells d ec reases sig nifi c antly
and so d oes sorting tim e.

M P VO g rid c ells sorting total

129 3 6 4.1 m s 10 .8 m s

# c u ts au x. c ells sorting total

1 1562 10 .2 m s

5 1115 7 .8 m s

10 10 0 0 7 .4 m s

20 8 3 6 7 .0 m s 14.4 m s

F ig u re 8 : S orting and rend ering tim es for th e S P X
d ata set with 129 3 6 tetrah ed ra ( C oolant fl ow sim u -
lation in th e S u p er P h oeniX reac tor) .

Tak ing th e nu m ber of g enerated au xiliary c ells
into ac c ou nt, th e total nu m ber of c ells is inc reased
by only 13 % bu t sorting tim e inc reases by 7 0 % and
total rend ering tim e by 3 3 % . Th e reason for th is
over-p rop ortional inc rease is th e h ig h ir reg u lar ity
and th e c om p arably larg e nu m ber of fac es of au x-
iliary c ells ( 7 fac es p er au xiliary c ell on th e averag e
for th e S P X).

Th e latest h ar d ware-ac c elerated c ell p rojec tion
alg orith m s [17 , 23 ] ac h ieve ap p roxim ately 550 ,0 0 0
tetrah ed ra p er sec ond on a NVIDIA GeF orc e4 ex-

c lu d ing tim es for sorting . Th is c orresp ond s to abou t
2 fram es p er sec ond for th e B lu nt F in d ata set u sing
a p u rely em issive op tic al m od el.

Ou r p erform anc e is on p ar with th e latest
h ar d ware-ac c elerated ray c aster of Weiler et al [18 ].
However, ou r p erform anc e is alm ost ind ep end ent of
th e siz e of th e viewing wind ow. Ad d itionally, ou r
p rop osed c onvexifi c ation alg orith m is not lim ited to

th e ap p lic ation area of d irec t volu m e rend ering bu t
c ou ld also be u sed for a variety of task s in fi nite el-
em ent sim u lations, for exam p le.

7.1 Pe r fo r m a n c e An a ly s is

Th e B S P -XM P VO alg orith m is th e fastest k nown
sorting alg orith m for c onc ave m esh es k nown tod ay.
Ou r c onvexifi c ation m eth od h as a strong affi nity to
B S P -XM P VO. Wh ile th e latter u ses a B S P tree on

th e bou nd ary fac es to c alc u late th e bou nd ary ed g es
of th e sorting g rap h , we u se a c u tting strateg y to ad d
au xiliary c ells at th e bou nd ary.

Th e m ain d ifferenc e between th e two m eth od s is
not th e d ifferent p artitioning sc h em e. In fac t, th e
B S P tree is ju st anoth er m eans of ap p lying c u tting
p lanes to su b-volu m es. Th e m ain d ifferenc e, h ow-
ever, is th at th e c alc u lation of th e bou nd ary d ep en-
d enc ies is p erform ed d u r ing c onvexifi c ation, wh ic h
is a p rep roc essing step . Th erefore we d o not need
to traverse a B S P tree wh enever we enc ou nter a
bou nd ary fac e. In oth er word s, th e tim e c onsu m -

ing B S P traversal is p erform ed im p lic itly by bu ild -
ing th e ad jac enc y g rap h from th e c onvexifi ed g r id .
S inc e th e B S P traversal ac c ou nts for a larg e frac -
tion of th e sorting tim e, we ac h ieve a c onsid erable
sp eed u p in c om p ar ison to B S P -XM P VO.

Th e p enalty of B S P -XM P VO over M P VO(NC )
is in th e rang e of 3 20 -53 0 % as stated in [1]. Th e
p enalty of th e c onvexifi c ation h owever is below
7 0 % in ou r tests. In th e p ast th e M P VO alg o-
rith m h as p roven to be th e fastest solu tion for c on-
vex m esh es. Ou r exp erim ental resu lts sh ow th at th e
M P VO alg orith m is also th e best op tion for c onvex-

ifi ed c onc ave m esh es.

Du e to th e sim ilar ity of th e B S P tree c onstr u c -
tion and th e ap p lic ation of th e c u tting p lanes we c an
d ed u c e th e asym p totic r u n tim e of ou r alg orith m as
follows: th e r u n tim e of B S P -XM P VO is O(bp+n),
wh ere b is th e nu m ber of bou nd ary fac es, n is th e
nu m ber of g r id c ells, and p is th e nu m ber of fac es
th at are c u t by m ore th an one fac e of th e B S P . Th e
fac t th at b is u su ally below 5% of th e total nu m -
ber of c ells, and p is u su ally m u c h sm aller th an b,
m ak es B S P -XM P VO linear in term s of n.

Th e sam e arg u m ent h old s for c onvexifi c ation:

th e asym p totic r u n tim e of th e M P VO for th e c on-
vexifi ed m esh is O(a+ n) with a being th e nu m ber
of au xiliary c ells and n being th e nu m ber of g r id
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cells. Th e n u m ber of au xiliary cells is p rop ortion al
to th e n u m ber of bou n dary faces b p lu s th e n u m -
ber of au xiliary cells th at are cu t by an oth er cu ttin g
p lan e. S in ce th e latter on ly accou n t for a tin y frac-
tion of all cells, th e r u n tim e in p ractice is essen tially

lin ear in ter m s of n.

An oth er advan tag e of th e p resen ted con vexifi ca-
tion alg orith m is th e fact th at cyclic m esh es can
be h an dled easily. Th e im p licit storag e of th e de-
p en den cies in a B S P -Tree m ak es it h ard to detect
an d m an ip u late cycles. A con vexifi ed sortin g g rap h ,
h owever, can be ch eck ed easily, sin ce th e bou n dary
dep en den cies are stored exp licitely by m ean s of th e
au xiliary cells (com p are also Krau s et al. [ 8 ]) .

8 Te tr a h e d r a l L ig h t in g

On ce th e tetreh adra are sorted th ey can be cell-
p rojected an d ren dered. I n th is section we describe
h ow to im p rove th e visu al ap p earan ce of th e tetre-
h adra. As stated in th e last section , th e ren derin g
p erform an ce m ain ly dep en ds on th e sortin g tim e
an d th e vertex p erform an ce. Th erefore, th ere is n o
p erform an ce p en alty in u sin g q u iet lon g frag m en t
p rog ram s. We u se th is op p ortu n ity to in trodu ce
h ig h - q u ality tetrah edral lig h tin g . I n g en eral, h ig h -

q u ality ren derin g of u n lit tetrah edra h as been in tro-
du ced by Gu th e et al. [ 5 ], bu t h ig h - q u ality lig h tin g
h as n ot yet been ap p lied in th e area of u n str u ctu red
volu m e ren derin g .

We adap t th e ap p roach of M eissn er et al. [11]
wh o in trodu ced am bien t, diffu se an d sp ecu lar lig h t-
in g coeffi cien ts for direct p re- in teg rated volu m e
ren derin g of reg u lar m esh es. I n order to im p lem en t
effi cien t lig h tin g for u n str u ctu red m esh es, we h ave
to tak e a closer look at th e u n derlyin g scen ario as
illu strated in F ig u re 9 .

Sf Sb

l

Gf Gb

L

F ig u re 9 : E ach viewin g ray with in a tetrah edron
is defi n ed by two sam p le p oin ts an d two g radien ts.
Th e scalar valu es an d g radien ts are in ter p olated lin -

early.

S in ce th e scalar valu es an d th e g radien ts are in -
ter p olated lin early with in each tetrah edron , th ey are
also lin ear alon g each viewin g ray. To allow for effi -
cien t p re- in teg ration (see [12 ] for an in trodu ction to
p re- in teg rated cell- p rojection ) , we assu m e th at th e

in ten sity of th e lig h t varies lin early. Th erefore th e
lig h t in ten sity I at p osition x of th e ray seg m en t can
be calcu lated as

I(x) = (x
−→
G f +(1−x)

−→
G b) ·

−→
L

≈ x(
−→
G f ·

−→
L )+(1−x)(

−→
G b ·

−→
L ).

I(x) can n ow be sp lit in to I f (x) = x(
−→
G f ·

−→
L ) = xI f

an d Ib(x) = (1−x)(
−→
G b ·

−→
L ) = (1−x)Ib. Th e ray in -

teg ral C(x) an d its ap p roxim ation C
′(x) for th e dif-

fu se p art of th e em ission are th en g iven as

C(x) =

=
R x

0
e
−

R

t

0
ρ(S(u))duκ(S(t))ρ(S(t))I(t)dt

≈

R x
0

e
−

R

t

0
ρ(S(u))duκ(S(t))ρ(S(t))(I f (t)+ Ib(t))dt

= C
′(x).

Usin g th e lin earity of th e in teg ral, th e calcu lation
can be sp lit in to two in teg rals th at do n ot dep en d on
th e lig h t in ten sity alon g th e ray:

C
′(x) =

=
R x

0
e
−

R

t

0
ρ(S(u))du

κ(S(t))ρ(S(t))I f (t)dt+
R x

0
e
−

R

t

0
ρ(S(u))duκ(S(t))ρ(S(t))Ib(t)dt

= I f

R x
0

e
−

R

t

0
ρ(S(u))du

tκ(S(t))ρ(S(t))dt+

Ib

R x
0

e
−

R

t

0
ρ(S(u))du(1− t)κ(S(t))ρ(S(t))dt.

With κ f (S(t)) = tκ(S(t)) an d κb(S(t)) = (1 −

t)κ(S(t)), a p re- in teg ration table is able n ot on ly
to rep resen t th e am bien t, bu t also th e diffu se p art
of th e em ission alon g th e ray seg m en ts. We n eed
th ree sep arate tables, i.e. an am bien t an d two dif-
fu se on es for κ f an d κb, to recon str u ct th e color

alon g each ray seg m en t. Th e lig h tin g of th e tetra-
h edra is eq u ivalen t to u sin g Gou rau d sh adin g on a
p er ray seg m en t basis. To ch an g e th e weig h tin g of
am bien t an d diffu se lig h tin g , we u se differen t κ for
each of th ese lig h tin g ter m s. F ig u re 10 sh ows th e
im p roved visu al p ercep tion of isosu rfaces for th e
B u ck y B all data set.

M eissn er et al. [11] also sh owed h ow to im p le-
m en t a sp ecu lar h ig h lig h t for n on - iso-su rface-lik e
tran sfer fu n ction s by in teg ratin g a weig h tin g coeffi -
cien t w for th e fron t an d back g radien ts. I n addition

th eir ap p roxim ation also n eeds a weig h tin g coeffi -
cien t s for th e in ten sity of th e h ig h lig h t. If we adap t
th e sam e ap p roach for tetrah edra, we en d u p with a
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Figure 10 : Buc k y Ball and c onvexifi ed Blunt Fin
d ata set with p er-ray ligh ting. With am bient only

(left) and d iffuse ligh ting (righ t).

p re-integration table th at c ontains 12 entries, 3 for
th e integrated am bient c olor, 6 for th e d iffuse c olor,
1 for th e integrated op ac ity and 2 for th e sp ec ular
h igh ligh t. Th ese 12 values c an easily be stored in 3

R GBA textures.

Alth ough th is ap p roac h is alm ost a straigh t for-
ward ad ap tion of [11] we p rop ose th e following
nec essary m od ifi c ations for unstruc tured grid s: We
need to ac c ount for th e fac t th at tetrah ed ra h ave
varying ray segm ent length l as op p osed to texture
based p re-integrated volum e rend ering wh ere l is
assum ed to be c onstant. S inc e we d o not want to re-
c om p ute th e th ree-d im ensional p re-integration table

for d ifferent m axim um ray segm ent length s lma x , we
use l

′ = 1− 2−l rath er th an l as a rep aram etriz a-
tion of th e th ird texture c oord inate. In fac t, th is
rep aram etriz ation also im p roves ac c urac y. I t is a
k nown fac t th at th e em ission bec om es alm ost c on-
stant for large l. Th erefore we c an rep resent th is
p aram eter range with fewer sam p le p oints and use
m ore sam p le p oints for sm all values of l. To furth er
im p rove th e ac c urac y of th e integrated op ac ity, we
d o not ac tually store th e op ac ity but rath er th e inte-
grated op tic al d ensity and rec onstruc t th e op ac ity in

th e p ixel sh ad er. Th en th e sh ad er h as to c arry out
th e following c alc ulations:

1) C om p ute th e p ersp ec tively interp olated sc alar

values (S f and Sb), th e grad ients ( ~G f and ~Gb)
and th e ray segm ent length l.

2) C alc ulate l
′ = 1−2−l .

3) L ook up all th ree p re-integration tables at p osi-
tion (S f , Sb, l

′).

4 ) P erform d iffuse ligh ting of front and bac k gra-

d ient (I f = ~G f ·
~L and Ib = ~Gb ·

~L).
5 ) C alc ulate rep resentative grad ient for sp ec ular

h igh ligh t ~Gspe c = w ~G f +(1−w) ~Gb .

6) C alc ulate h igh ligh t Ispe c = s( ~Gspe c ·
~L)p.

7 ) R ec onstruc t op ac ity from integrated op tic al
d ensity.

8 ) Ad d all c olors and blend with fram e buffer.

With th is ap p roac h th e sp ec ular h igh ligh t is rep ro-
d uc ed c orrec tly over m ultip le op aq ue iso-surfac es
with in a single tetrah ed ron and is ap p roxim ated ef-
fi c iently for sem i-transp arent transfer func tions as
seen in Figure 11. In ord er to furth er inc rease th e

ac c urac y of both d iffuse ligh ting and th e sp ec ular
h igh ligh t, ad d itional sam p les on eac h ray segm ent
c an be used . Th e resulting im age q uic k ly c onverges
to th e c orrec t solution, so four sam p les p er ray seg-
m ent are usually suffi c ient. A larger num ber of sam -
p les signifi c antly lowers th e fi ll rate.

Figure 11: S p ec ular h igh ligh t on op aq ue isosur-
fac es with in a single tetrah ed ron (left), ap p roxi-
m ation for a sem i-transp arent setting (m id d le) and
“ c orrec t” solution with four sam p les p er ray seg-
m ent (righ t).

9 C o n c lu s io n s

We h ave d esc ribed an effi c ient c onvexifi c ation al-

gorith m for th e p urp ose of visibility sorting arbi-
trary unstruc tured volum etric grid s. We p rop osed
an easy to im p lem ent c onvexifi c ation algorith m by
red uc ing th e c om p lex geom etric al op erations to a
seq uenc e of op erations on triangle m esh es. We used
th is m eth od to transfer c onc ave (and not nec essar-
ily ac yc lic grid s) into c onvex m esh es wh ic h c an be
sorted effi c iently with th e p lain M P VO/M P VO-C
algorith m . As a result, our m eth od is two to th ree
tim es faster th an th e fastest k nown sorting tec h -
niq ue, th e BS P -XM P VO algorith m . Our ap p roac h

is on p ar with th e latest h ard ware-ac c elerated ray
c asting algorith m but our p erform anc e is ind ep en-
d ent of th e wind ow siz e. Finally, we also ad d ressed
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the hig h-q u ality rec on s tr u c tion of the ray in teg ral
u s in g the p re- in teg rated lig htin g tec hn iq u e.

10 A c k n o w le d g e m e n t s

We wou ld lik e to than k M artin Krau s an d Gü n ther
Grein er for in teres tin g d is c u s s ion s on the top ic of
u n s tr u c tu red volu m e ren d er in g . We wou ld als o lik e
to than k M ar c S tam m in g er for valu able s u g g es -
tion s . L as t bu t n ot leas t, we g ratefu lly ac k n owled g e
Han s p eter Pfi s ter for req u es tin g tetrahed ral lig htin g

at Grap hic s Hard ware ’0 2 . Part of this work was
s p on s ored by the NVIDIA fellows hip g ran t.

11 A d d it io n a l M a t e r ia l

For the c on ven ien c e of the read er, we p rovid e a
m ovie whic h illu s trates the c on vexifi c ation p roc es s

for two in ter leavin g g ears . I n eac h fram e the c u t-
tin g op eration with the lowes t in ter s ec tion c ou n t is
p er form ed . I m ag in ar y c ells ou ts id e the c on vex hu ll
of the d ata s et are d is c ar d ed .
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