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Abstract
For the visualization of volume data the application of transfer functions is used widely. In this area the pre-
integration technique allows high quality visualizations and the application of arbitrary transfer functions. For
regular grids, this approach leads to a two-dimensional pre-integration table which easily fits into texture memory.
In contrast to this, unstructured meshes require a three-dimensional pre-integration table. As a consequence, the
available texture memory limits the resolution of the pre-integration table and the maximum local derivative of the
transfer function. Discontinuity artifacts arise if the resolution of the pre-integration table is too low.
This paper presents a novel approach for accurate rendering of unstructured grids using the multi-texturing ca-
pabilities of commodity PC graphics hardware. Our approach achieves high quality by reconstructing the colors
and opacities of the pre-integration table using the high internal precision of the pixel shader. Since we are using
standard 2D multi-texturing we are not limited in the size of the pre-integration table. By combining this approach
with a hardware-accelerated calculation of the pre-integration table, we achieve both high quality visualizations
and interactive classification updates.

Categories and Subject Descriptors (according to ACM CCS): I.3.1 [Computer Graphics]: Picture and Image Gen-
erationGraphics processors; I.3.3 [Computer Graphics]: Picture and Image GenerationViewing algorithms.

Keywords: Volume Rendering, Unstructured Meshes, Cell Projection, Graphics Hardware, Texture Mapping.

1. Introduction

Due to the increasing flexibility of commodity graphics
hardware the pre-integration technique has become widely
available for the visualization of volume data on regular
grids. Previous approaches for unstructured meshes, that is
irregular tetrahedral grids, employed a 3D texture to ef-
fectively apply pre-integration. Although the resulting im-
ages are of high quality, there are several restrictions due
to the limited amount of available texture memory. Transfer
functions with high gradients require a high resolution pre-
integration table, which does not fit easily into the dedicated
texture memory. To circumvent this restriction we propose to
implicitly store the 3D texture by means of multiple 2D tex-
tures. Then the colors and opacities of the three-dimensional
pre-integration table can be reconstructed accurately with
the high internal precision of the pixel shader.

1.1. Related Work

Direct volume rendering of unstructured meshes was dra-
matically accelerated by the Projected Tetrahedra (PT) algo-
rithm of Shirley and Tuchman 13 � 18. In order to compensate
for the limitations of the PT algorithm there exist numerous
competing approaches, such as ray tracing 3, ray casting 14,
slicing 23, and sweep-plane algorithms 17.

The original PT algorithm interpolates the opacities and
colors linearly between the vertices, resulting in Mach bands
as reported by Max et al. 6. Extending the original al-
gorithm, Stein et al. 16 presented a solution for the cor-
rect interpolation of opacities by utilizing 2D texture map-
ping. However, this method is restricted to linear transfer
functions for the opacity and still interpolates colors lin-
early ignoring the transfer function inside the tetrahedra.
Roettger et al. 11 presented an improvement to this algo-
rithm using pre-integrated 2D textures and a linear inter-
polation of the opacity. They also introduced a new tech-
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nique which is based on 3D texture mapping. This technique
allows the correct interpolation of both the colors and the
opacities employing the pre-integration method first intro-
duced by Max et al. 7. Although 3D texture mapping is avail-
able on recent PC graphics hardware, the limited amount of
texture memory restricts the accuracy of the classification.
Therefore classifications containing high gradients do not
render acceptable results. Modern PC graphics hardware, for
instance the ATI Radeon 8500 and the NVIDIA GeForce4,
allow more sophisticated approaches using dependent tex-
tures, multi-texturing, per-pixel shading, and hardware ac-
celerated pre-integration. This enables us to overcome the
limited size of the three-dimensional pre-integration table.

1.2. Paper Overview

The remainder of this paper is organized as follows: In Sec-
tion 2 the basic cell projection algorithm and the optical
model used throughout the paper are described. A new ap-
proach for approximating the three-dimensional ray integral
by means of multiple 2D textures is discussed in Section 3.
An efficient hardware accelerated calculation of the ray in-
tegral is given in Section 4. Employing the new approxima-
tions, the experimental results obtained on different graphics
hardware are presented in Section 5. Finally, we conclude
our paper and outline future work.

2. Basic Algorithm

The Projected Tetrahedra algorithm can be outlined as fol-
lows: All tetrahedra are sorted according to their visibility
(see also 19 � 14 � 15 � 1), classified to their projective profile and
split into triangles as seen in Figure 1. In a more general
approach each cell is split into several tetrahedra during a
precomputational step. However, it is also possible to render
hexahedral cells directly using the extension of Schussman
and Max 12. Although our approach is compatible with this
extension, we restrict ourselves to tetrahedra throughout this
paper.

While the original PT algorithm uses a linear interpola-
tion of colors and opacities between the triangle vertices,
Stein et al. suggest to use a 2D texture map for the ex-
ponential interpolation of the opacities. The texture coor-
dinates assigned to each vertex correspond to the average
extinction coefficient τ and the thickness l of the projected
cell, whereas the texture map contains the α-component
set to α � 1 � e

� τl . Since the texture coordinates are in-
terpolated linearly, this approach is restricted to linear
transfer functions τ � τ

�
f
�
x � y � z ��� with f being the scalar

function. In their high accuracy volume renderer (HIAC)
Williams et al. 21 extended this approach to piecewise lin-
ear transfer functions.

Assuming a linear interpolation inside the tetrahedra, it
can easily be seen that f varies linearly along each viewing
ray. Therefore the integrated chromaticity C and opacity α

Class 1a Class 1b Class 2

Figure 1: Classification of non-degenerated projected tetra-
hedra (top row) and the corresponding decomposition (bot-
tom row) according to 13.

of the ray segment can be defined by a three-dimensional
function depending on S f , Sb and l (see Figure 2). Using
the optical model of Williams and Max 20 � 8 � 21 with the chro-
maticity vector κ � κ

�
f
�
x � y � z ��� and the scalar optical den-

sity ρ � ρ
�
f
�
x � y � z ��� , the ray integral is given as follows:

Sl
�
x ��� S f � x

l

�
Sb � S f �

C
�
S f � Sb � l �	�


 l

0
e
��� t

0 ρ 
 Sl 
 u ��� duκ
�
Sl
�
t ��� ρ � Sl

�
t ��� dt

α
�
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��� l
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 Sl 
 t ��� dt

Sf Sb

l

Figure 2: Intersection of a tetrahedral cell with a viewing
ray. S f and Sb are the scalar values of the front and back
face, respectively; l denotes the length of the ray segment.

These integrals are computed using the numerical integra-
tion described by Engel et al. 2. For each compositing step
we calculate the color I � of a pixel from the previous color I
by using the following blend operation:

I � � C � � 1 � α ��� I �
c
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Employing the 3D texturing approach as proposed by
Roettger et al. 11 both κ and ρ need not be linear, thus ar-
bitrary transfer functions can be applied. However, 3D tex-
tures require a huge amount of texture memory to achieve
high quality images for arbitrary transfer functions. Beside
the memory limitations of consumer graphics hardware 3D
texture mapping also results in a decreased rendering perfor-
mance.

3. High Resolution Ray Integral

Since high resolution 3D textures require huge amounts of
texture memory, we separate the three-dimensional function
of the volume density optical model. Unfortunately, only the
opacity can be separated easily. The chromaticity needs to
be approximated by means of a linear combination of two-
dimensional functions.

3.1. Opacity Reconstruction

Since the opacity depends on the average density along the
viewing ray and the length l of the ray segment, it can be
separated as follows:

ρ̂
�
S f � Sb ���


 1

0
ρ
�
S f � t

�
Sb � S f ��� dt (1)

α1D
�
x ��� 1 � e

� x (2)

For each rendered pixel we derive the average density ρ̂
from a 2D texture map (Equation 1) and compute the final
opacity α1D by means of a 1D dependent texture lookup
(Equation 2).

In order to further increase the accuracy of the recon-
structed α values, the dependent texture is extended to hold
the higher 8 bits of a 16 bit α value in the alpha channel A
and the lower 8 bits in the additional luminance channel L. In
order to map the maximum 16 bit α value to 1, it is scaled by
the factor 256

257 . Since the resulting equation α1D � 256A
257 � L

257
is linear, the texture interpolation delivers a true 16 bit α
lookup.

Compared to the linear approximation of the opacity using
the 2D texturing approach of Roettger et al. 11 the resulting
images are significantly improved, as illustrated in Figure 3.

3.2. Chromaticity Reconstruction

In order to achieve a high-quality approximation of the
chromaticity, we pre-integrate the normalized chromaticities
Ĉl � Cl

αl
for l � 0 and l � lmax with lmax being the maxi-

mum length of the ray segments. The normalized emission
Ĉ0 and the difference ∆C1 of the normalized emissions Ĉ0
and Ĉlmax

are stored in two high resolution 2D textures. The
latter emissions are defined as follows:

linear α

linear α

wireframe

exponential α

Figure 3: Comparison between linear approximation and
correct exponential α. The corresponding transfer function
which is split into normalized emission and opacity can be
seen below each image.

Ĉ0
�
S f � Sb ���

� 1
0 κ

�
S1
�
t ��� ρ � S1

�
t � �

� 1
0 ρ

�
S1
�
t ���

Ĉlmax

�
S f � Sb ��� C

�
S f � Sb � lmax �

α
�
S f � Sb � lmax �

∆C1
�
S f � Sb ��� Ĉlmax

�
S f � Sb � � Ĉ0

�
S f � Sb �

Using the texture setup of Table 1, we implement the fol-
lowing approximation of the volume optical density model
by utilizing dependent textures and the pixel shader on the
NVIDIA GeForce4 24 and the ATI Radeon 8500 9 graphics
adapter:

C
�
S f � Sb � l ��� Ĉlin

�
S f � Sb � l � α � S f � Sb � l �

Ĉlin
�
S f � Sb � l �	� Ĉ0

�
S f � Sb � � l

lmax
∆C1

�
S f � Sb �

α
�
S f � Sb � l �	� α1D

�
lρ
�
S f � Sb ���

unit coordinates RGB A

0 S f , Sb Ĉ0
�
S f � Sb � ρ

�
S f � Sb �

1 S f , Sb ∆C1
�
S f � Sb � -

2 lρ
�
S f � Sb � - α1D

�
lρ
�
S f � Sb ���

Table 1: Texture setup for dependent texture mapping.
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This is a linear approximation in l for every pair of S f and
Sb. As seen in Figure 4, the linear approximation is not ac-
curate for transfer functions that contain high gradients. For
an improved reconstruction we approximate the chromatic-
ity by a polynomial of degree n � 1 in l with the coefficients
C̃i, i � 0 ��� � n. This is similar to the polynomial texture map-
ping approach of Malzbender et al. 5, which reconstructs the
colors of a surface by a biquadratic polynomial. In our case
the approximated chromaticity is given by the polynomial

C
�
S f � Sb � l ��� α

�
S f � Sb � l �

n

∑
i � 0

li

li
max

C̃i
�
S f � Sb � �

To compute the polynomial coefficients C̃i we pre-
integrate the chromaticity at l � i

lmax
for i � 0 ��� � n and con-

struct a polynomial through each of these points for every
pair of S f and Sb. This corresponds to the computation of
n � 1 slices with l � const of the pre-integration table.

Since the number of texture units is limited, we can only
use a polynomial approximation with a degree of up to 2 on
the GeForce4 and of up to 4 on the Radeon 8500. In the latter
case the rasterization performance drops by almost 50%, but
the quality of the approximation is only improved slightly.
Therefore a polynomial degree of 2 should be preferred (see
Figure 4). The corresponding texture setups are depicted in
Table 2. The polynomial coefficients are scaled to the maxi-
mum possible texel range � � 1 ����� 1 � to improve the precision
of the approximation. Additionally, the α values are recon-
structed with 16 bits of accuracy.

unit coordinates RGB A

0 S f , Sb C̃0
�
S f � Sb � ρ

�
S f � Sb �

1 S f , Sb C̃1
�
S f � Sb � -

... ... ... ...
n S f , Sb C̃n

�
S f � Sb � -

n+1 lρ
�
S f � Sb � - α1D

�
lρ
�
S f � Sb ���

Table 2: Texture setup for polynomial color approximation
of the three-dimensional ray integral (with a maximum poly-
nomial degree of n � 2 on the GeForce4 and of n � 4 on the
Radeon 8500).

4. Hardware Accelerated Pre-Integration

In order to visualize volume data comfortably one needs
to change the transfer function interactively. Whenever the
transfer function is modified the pre-integration table has to
be recomputed. For a resolution of 5122 and a polynomial
degree of 4, for instance, this requires approximately 11 sec-
onds on a Pentium 4 running at 2 GHz which is far too slow
for interactive updates of the transfer function. In order to

linear chromaticity

linear chromaticity

wireframe

quadratic chromaticity

Figure 4: Comparison between linear and quadratic color
approximation combined with 16 bit α, for the transfer func-
tion seen below each image.

speed up the calculation of the pre-integration table we uti-
lize graphics hardware for the purpose of numerical integra-
tion. We maintain a high level of accuracy by using the high
internal precision of the pixel shader.

The numerical integration of the ray segments is per-
formed by sampling the integral m times. At each sampling
step, the integrated chromaticity κ and the integrated opac-
ity α are blended with the corresponding entries of the trans-
fer function.

As described by Engel et al.2 the integrated opacity can
be calculated quickly by the difference of two definite inte-
grals. If self-attenuation is assumed to be negligible the same
approach can be used to efficiently calculate the integrated
chromaticities. This assumption is valid for volume slicing,
since the ray segment lengths l are usually small. In the case
of unstructured volume rendering, however, this assumption
does not hold, thus self-attenuation cannot be neglected. As
a consequence, the numerical integration of the chromatici-
ties is not fast enough to achieve interactive updates of the
transfer function. But according to Roettger et al 10, the chro-
maticities of one slice of the pre-integration table can be inte-
grated in parallel by using a hardware-accelerated approach.
For each slice with a constant ray segment length l this is
accomplished by blending m quadrilaterals containing the
sampled transfer function for every pair of S f and Sb into the
frame buffer. The sampled transfer function is reconstructed
from a 1D texture (see Table 3). For this purpose, the texture
coordinate s of each vertex of the quadrilaterals is assigned
as shown in Figure 5.
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s=1-i/(m-1)

s=0 s=i/(m-1)

s=1

i=0,...,m-1

Sf

Sb

Figure 5: Texture coordinate setup for the hardware-
accelerated pre-integration of one slice of the three-
dimensional pre-integration table.

As the 8 bit frame buffer depth of current PC graphics
hardware limits the accuracy of the numerical integration,
we integrate the chromaticity with the higher internal ac-
curacy of the pixel shader. Combining two channels of the
frame buffer for each integrated color component of the
chromaticity, a total accuracy of 16 bit can be achieved. In
practice however, a bit depth of 12 has turned out to be suf-
ficient.

We store the chromaticity and opacity of the transfer func-
tion for a given length l and the number of integration steps
m in a 1D texture as defined in Table 3. To effectively rep-
resent high gradients in the transfer function, we construct
the 1D texture with the highest possible resolution instead
of using a linear interpolation of the 1D texture.

channel meaning value

red high 8 bit (chromaticity) κ
�
s �

green low 4 bit (chromaticity) κ
�
s �

blue high 8 bit (opacity) 1 � e
� l

m ρ 
 s �
alpha low 4 bit (opacity) 1 � e

� l
m ρ 
 s �

Table 3: 1D texture used for hardware-accelerated pre-
integration.

On the Radeon 8500 the numerical integration is imple-
mented using a method called ping pong filtering 9. For each
blending step an RGBA texture contains the previously inte-
grated chromaticity in the red (high 8 bits) and alpha channel

(low 4 bits). First, the original 12 bit chromaticity is recon-
structed in the pixel shader by multiplying the low bits with

1
256 and adding the result to the high bits. Note that a texture
entry of 255 in the high bits already represents a value of 1 � 0.
Next, the chromaticity and opacity of the transfer function
are reconstructed from the 1D texture in the same fashion.
Then the chromaticity is multiplied by the opacity, the re-
sult of the previous iteration is multiplied by one minus the
opacity, and the sum of both yields the new integrated chro-
maticity. Finally, the integrated chromaticity is split into 8
high and 4 low bits and is written back into the correspond-
ing ping pong texture.

The Radeon 8500 masks out all bits representing values
higher than 1 � 0 or lower than 1

256 . Therefore the high 8 bits
are extracted automatically, whereas the low 4 bits are ex-
tracted by simply multiplying the 12 bit chromaticity with
256. In contrast to this, the GeForce4 always uses saturation
logic instead of bit masking. Therefore the low 4 bits can
only be extracted on the Radeon 8500.

A speedup of nearly two is achieved by performing four
subsequent integration steps at once in the pixel shader.
Since each RGB color component has to be computed sep-
arately, the hardware-accelerated pre-integration needs to be
performed three times for every required slice of the pre-
integration table. Each component of a pre-integrated slice
is transferred back into main memory and recombined with
the other color channels. This results in 9 pre-integration cy-
cles for a polynomial approximation of a degree of 2, for
example.

In contrast to software numerical integration, this
hardware-accelerated approach allows to update the pre-
integration table interactively. With respect to integration ac-
curacy the hardware-accelerated method exhibits a higher
integration error which is due to the 12 bit quantization. An
example of these quantization artifacts is given in Figure 6.

Figure 6: Comparison between hardware (left) and software
(middle) pre-integration, including the error (right, scaled
by a factor of 8 and inverted) for m � 128 sampling steps.
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5. Results

In the previous chapters we have demonstrated that the
multi-texturing capabilities of modern PC graphics accel-
erators can be utilized to bring high-quality pre-integrated
volume rendering of unstructured grids to the PC platform.
A comparison of the visual quality of the proposed meth-
ods is given in Figure 7. The best approximation of the pre-
integration table is achieved by using 16 bits for the rep-
resentation of the opacities and a polynomial of degree 4
for the reconstruction of the chromaticities. A polynomial
of degree 2 is only slightly less accurate, but performs sig-
nificantly faster due to reduced rasterization requirements.
Because of the high internal precision of the pixel shader
and the representation of the opacities with 16 bits the re-
sults are even better than those obtained with a 3D textur-
ing setup. Using our hardware-accelerated pre-integration
approach we are able to maintain high update rates of the
pre-integration table. In comparison to software integration
the achieved speedup is about 700% on a PC equipped with a
Pentium 4 running at 2 GHz and an ATI Radeon 8500 (com-
pare Table 4).

software setup of textures

linear color (n � 1) 4.4s
polynomial n � 2 6.6s
polynomial n � 4 11.0s

Radeon 8500 setup of textures

linear color (n � 1) 0.6s
polynomial n � 2 1.0s
polynomial n � 4 1.7s

Table 4: Preprocessing times for 2D multi-texturing with a
texture resolution of 5122.

The total rendering time is almost independent of the cho-
sen reconstruction method (except for n � 4). It depends
mainly on the sorting algorithm 19 � 15 � 22 and the transfer
speed between the CPU and the graphics adapter (see Ta-
ble 5). For comparison purposes the experimental results
are given for a polynomial degree of 2. We achieve up to
600,000 tetrahedra per second depending on the sorting al-
gorithm. Approximately half of the time is spent by sorting,
while the other half is spent by rendering. The lower perfor-
mance for rendering the Bucky Ball data set is due to a larger
variation of the scalar values which lead to a reduced texture
cache coherence.

6. Conclusion and Future Work

We presented a new approach for pre-integrated rendering of
projected tetrahedra on commodity PC graphics hardware.
We employed 2D multi-texturing and pixel shading to recon-
struct the three-dimensional pre-integration table. Because

GeForce4 #tetra numeric MPVO XMPVO

Blunt Fin 187k 3.18 fps 2.64 fps 2.35 fps
Bucky Ball 177k 2.46 fps 2.19 fps 2.05 fps

Radeon 8500 #tetra numeric MPVO XMPVO

Blunt Fin 187k 2.51 fps 2.20 fps 1.99 fps
Bucky Ball 177k 2.09 fps 1.98 fps 1.87 fps

Table 5: Display times including visibility sorting on a Pen-
tium 4 running at 2 GHz using a polynomial approxima-
tion of degree 2 and a 1280 � 960 view port. The applied
sorting algorithms are numerical sorting 22, MPVO 19, and
XMPVO 15.

of the reduced memory requirements of the employed 2D
textures, our method is capable of applying high resolution
transfer functions. We further presented a high quality nu-
merical pre-integration method which utilizes the graphics
hardware to decrease the classification update time. Since
our approach uses the high internal precision of the pixel
shader, the resulting images are of a much higher quality in
comparison to the previously applied 3D texture mapping
approach.
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linear approximation of α exponential interpolation of α linear color reconstruction quadratic color reconstruction

Figure 7: Comparison between different approximations of the three-dimensional ray integral. The applied transfer functions
are depicted below each image.

Figure 8: Bucky Ball with per-vertex lighting of original data set and part of the Christmas Tree data set 4, both with quadratic
polynomial approximation of chromaticity and accurate 16 bit α.

Figure 9: Blunt Fin dataset using quadratic polynomial approximation of chromaticity and 16 bit α. Due to the high recon-
struction quality of the pre-integration table, the undersampling within the original data set can easily be seen.
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