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ABSTRACT

Imaged-basedenderingis a well-known methodin computergraphicsto achieve photo-realistidmages.
In this paperwe shav how corventionalimage-basedenderingalgorithmscanbe extendedto visualize
generalelativistic effectsin arestrictedclassof spacetimesWe proposea generalizeaberratiorformula
in orderto treatthevisualizationof specialandgenerarelativistic effectsonthe samefooting. In thisway;,
image-basedenerarelatiistic renderingcanberegardedasanextensionof specialrelativistic rendering.
As anexample,we presensnapshotfrom theviewpoint of anobsenrertraveling atwarpspeed.
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1 INTRODUCTION

Albert Einsteins Theory of Relatvity is amongthe
mostfamousareasof physicstoday But despitethe
popularity its abstractmathematicafoundationren-
dersit hardto comprehendPeoplausuallyhave anin-

tuitive understandingf flat three-dimensionadpace
or a curved two-dimensionalspace. However, one
doesnot have a notion of the flat four-dimensional
spacetimeSpecialRelatvity dealswith, let alonethe
curvedfour-dimensionabpacetime&eneraRelati-

ity usesto describethe effectsof gravitationalfields.
Spacetimaliagramsarethe mostwidely usedmeans
to displayrelatistic properties.While beingan ap-
propriatetool for scientists,they are hardly under

standablevithout prior knowledge,andthereforenot

feasiblein orderto corvey generarelativistic proper

tiesto abroaderpublic.

To stimulateintuition, we suggestimagesof every-
day objectsasthey would be seenin anervironment
dominatedyy relatuistic effects. They aretargetedat
the fields of popularscienceand edutainmentn the
first place,but canbe a usefulvisualizationtool for

scientistaswell.

Unlike traditional, geometry-basedechniques, a
photo-realistic, well-known ervironment follows
most naturally when using an image-basedender
ing scheme. Furthermore,the delicate and time-
consumingstep of fine-grainedgeometricmodeling
canbeavoided.In this paperweintroduceanimage-
basedapproachto generakelativistic renderingasan
extensionof specialrelativistic rendering[Visk00g.

In arestrictedclassof spacetimesageneralizegber

rationformulacanbeformulatedin orderto treatthe
visualizationof specialandgenerarelatistic effects
on the samefooting.

The paperis organizedasfollows. In the following

section, a brief overview on previous work is pre-

sentedSection3is focusednthephysicalandmath-
ematicalbackgroundfor generalrelatiistic image-
basedendering.Here thegeneralizeaberratiorfor-

mulais introducedandtherelatiistic transformation
of the plenopticfunctionis presented.Section4 de-

scribesthe relatiistic extensionsthat have to be in-

troducedn corventionalimage-basedenderingech-
nigues.In Section5, we presentetailson theimple-

mentationand results. The paperendswith a short
conclusionandanoutlookon future work.



2 PREVIOUSAND RELATED WORK

Most of the previous work in relatwvistic visual-
ization focuseson geometryand color transforma-
tions induced by Special Relatvity. Hsiung and
Dunn[Hsiun89 extended a classicalray tracer to
display geometric distortions as seen by a fast
maoving obsener. Later implementations[Hsiun90a
Hsiun90h take into accountcolor changeslueto the
Dopplereffectaswell. The T-buffer[Hsiun90¢ is an
alternatve approactbasedon commonpolygonren-
deringthatis ableto visualizespecialrelativistic ge-
ometryeffectsin real-time.Weiskopf[Weisk00& pro-
posedtexture-basedelatiistic renderingfor visual-
izing the apparengeometryand illumination of fast
moving objects.

In computergraphicsthe demandor photo-realistic
image generationgave rise to image-basedren-
dering (IBR) as a new, non-geometry-baseden-
dering scheme. IBR today stands as a stan-
dard techniquein computer graphics, QuickTime
VR[Chen9] beingoneif its mostwell-known appli-
cations. More advancedtechniquesnclude plenop-
tic modeling[McMil95, light fields[Levoy96], the
lumigraph[Gortl96, andview morphing[Seitz9p

IBR derives from the notion of the plenoptic
function[Adels9] containingall visually perceptible
information for eachgiven point in spacetime.The
plenopticfunctionallowsto definemoregeneratam-
erasthanthe pin-hole cameracommonlyusedin ray

tracingapplications. An exhaustve treatmentof ex-

tendedcameraparadigmswas given by Loffelmann
andGroller[Loffe9§.

Image-basealgorithmswere adaptedo specialrel-

ativistic visualization[\isk00¢ in orderto produce
photo-realistigicturesincludingall specialrelativis-

tic effects. In this paper the image-base@dpproach
to specialrelatiistic renderingis extendedto more
comple scenario®f GeneraRelatvity.

Many textbooksgive acomprehensieintroductionto
GeneralRelatvity, the works of Weinbeg[Weinb73
and Misner et al.[Misne73 being amongthe most
popularand widely used. Previous work in general

relativistic visualizationis entirely geometry-based.

Most implementationgrovide a proprietarygeneral
relativistic ray tracingsystemandconfinethemseles
to a few simple setupswith well-known metrics,
like neutronstarsand black holes[ErtI89 Nolle89

Nemir93 Nolle9g. A moregenerabpproacho non-
linearraytracingasavisualizationtechniquevaspre-
sentedby Groller[Groll95]. Weiskopf[Weisk00h in-

vestigatedour-dimensionahon-linearray tracingin

furtherdetailandshavedits applicabilityasavisual-
izationtool in gravitationalphysics.

3 PHYSICAL BACKGROUND

The plenoptic function P(x*,08,@,A) is a physical
property defined as spectralintensity in a range of

wavelengthsbetweenA and A + dA at a point x* in

spacetimewith the incoming light originating from

thedirection (8, @), givenin sphericalcoordinatesP

containsall information that is necessaryto recon-
structthe visual perceptionof an obsener at a given
point in spacetimé. It doesnot containimmediate
depthinformation?

For a fixed point in space,a discreteapproximation
of the plenopticfunctioncanbe composedrom con-
ventionalimagesthat are arrangedinto a spherical
panorama. Samplesof the plenoptic function can
thusbe taken by meansof a calibratedcameraasde-
scribed, e.g., in [Weisk004. Relatvistic visualiza-
tion hasto constructa transformatiorof the plenop-
tic function from our everydayworld into arbitrary
systemsthat exhibit the desiredrelatistic effects.
For SpecialRelatvity, this meansthatwe recordthe
plenopticfunctionin a frameof referencethatis ap-
proximatelyat restwith regardto our sampleobjects,
and later generatesnapshotsas would be seenby a
fastmoving obserer. For generalrelatiistic visu-

alization, we recordthe plenopticfunctionin an ap-
proximatelyflat spacetimé, andlater transforminto

shapshotaiswould be seenif the surroundinggravi-

tationalforcesweremuchstrongerandnolongerneg-

ligible.

In Special Relatiity, light in vacuo travels along
straightlines. The geometricpropertiesof alight ray
asawhole canthusbefully describedy a pointand
adirectionin spaceat this point. Thereforeit is pos-
sibleto statethetransformatiorof alight ray between
two specialrelativistic framesof referenceasa point-
wise transformation,the Lorentz-transformatiorof
the plenopticfunction[Weisk00¢. Therelative speed
of the two framesof referencds the only parameter
in this transformation.Neglecting color transforma-
tions, specialrelativistic effectsare containedin the
aberratiorequation(figure 1(a)),

;o cosB—f3
0 = arccom, Q)

where® and @ arethe anglesof an incidentray of
light asmeasuredn two inertial framesof reference
SandS. S is moving with velocity v = c relative to

Linformationonthepolarizationof theincominglight is usually
neglectedin the plenopticfunction becausehe humaneye is not
sensitve to polarization.

2Though some three-dimensionainformation can be recon-
structedfrom the plenopticfunctionat multiple pointsin space.

SGravitational forceson earthare weak enoughfor the space-
time to bereasonablylat, i.e., light pathson earthcanbeassumed
to bestraightlines.



180

160

80% ¢

180

160

80% c
100% ¢
I 500% ¢

n T
X
m}

140

120

» 100 -

80

60 -

40 -

20 -

. . . . . . . .
0 20 40 60 80 0 100 120 140 160 180

(a)

» 100 - ﬁﬁ%éDDDDDDDDDDDDDDDDQ
=2

4
140 - FEvs

120 | %*%

O
80 | s

60 |
40 + O X

20 - _OyK

. . . . . .
0 20 40 60 80 o 100 120 140 160 180

(b)

Figurel: (a) Thespecialrelativistic aberration functionfor a relative speedof 0.8c. (b) Thegenemrlized

aberration functionfor the warp metric at apparentspeedof 0.8c, 1c, and 5c. Unlike their specialrela-

tivistic counterpartall curvespassthrough(90°,90°). Thismeanghatfrontview andbad viewin thewarp

metric stay clearly sepaated,whereasin specialrelativity at high velocities,objectsto the badk become
visible 6 and® are givenin degrees.Similar diagramsare presentedn [Clark99].

S, cis the speedof light. Both anglesaretakenwith
respecto thedirectionof therelative motionof S.

GeneraRelatvity introducesacurvedfour-dimensio-
nal spacetimeto take into accountgravitational ef-
fects. Differentialgeometrypresentdhe mathemat-
ical foundationof GeneralRelatiity. Its mostfun-
damentapropertyis the metrictensor—or metric for
short—,thatcontainsall informationaboutthe curva-
ture of spacetimeor morephysicallyspeakingpf the
gravitational forces. In the absenceof a gravitating
mass,the metric is identicalto the Minkowski met-
ric known from SpecialRelatvity, the corresponding
spacetimas calledto beflat. In GeneralRelatvity, a
gravitating massgivesrise to non-trivial termsin the
metrictensor Accordingly, the spacetimés curved.
Dueto the curvature light raysno longerfollow sim-
plestraightlines. InsteadJight travelsalongso-called
null geodesicsgivenby the geodesi@quation

d’x(a)
da?

3 dx’ (o
K =
+V’pZ=Or vo(X) aa aa 0, (2

=
X
1=
—~
Q
~—

andthe null condition, confiningthe solutionsof (2)
to lightlik e paths,

dxH dx¥
gw(i)a da - 0. (3

Ow is the metric tensorat position X in spacetime,
x* denoteghe associatedoordinateof thelight ray.
The '*y, arethe so-calledChristofel symbolsthat
canbe calculatedfrom the metric andits first order
derivatives.a is usedto parameterizéhe path. Greek
indicesrun from zeroto three. Given a startinglo-
cationanddirectionin spacetimethe geodesiequa-
tion yields an initial value problemfor a systemof

non-linearordinarydifferentialequationslt is known
from the theory of differential equationsthat there
exists a uniquesolutionto this problem,renderinga
uniquepathof alight ray.

Becausef the complex natureof light pathsin Gen-
eral Relatvity, a generic approachto renderrela-
tivistic imagesneedsto take into accountthe full
four-dimensionallayout of a scene. Under certain
conditions, however, it is possibleto maintain an
aberration-lile view asin the specialrelativistic case,
which makesit feasibleto useimage-basedender
ing techniqueskFirst, theintroducedspacetimeneeds
to be asymptoticallyflat. Second,all pointsin the
curved region of spacetimemustbe closerto the ob-
senerthanary visible sceneobject'. Thesetwo con-
straintsallow a sphereto be drawvn, centeredat the
obsenrer'slocation,thatseparatespacento ageneral
relatiistic partinside,andanentirely non-relatvistic
partoutside(figure2). As all light originatesfrom ob-
jectsoutside the inboundpart of the plenopticfunc-
tion onthespheres surfaceis independenof the par
ticular shapeof spacetiménside. In orderto obtain
generakelatiistic imagesit is thereforesufficientto
know the plenopticfunction on the spheres surface,
andthebehavior of thelight rayswithin this sphere.

Thefull plenopticfunctionis usuallyhardto record,
so for practical purposes,further restrictionshave
to be imposed. First, if all sceneobjectsare far
away from the obsener comparedto the radius of
the sphere,the plenoptic function at all points on

4Therehave to beinvisible objectsaswell in orderto build up
the curvedregion in spacetimelnvisibility maybeinherentto the
objectslike, e. g. gravitationalwaves,dueto their opticalor spacial
propertiedike, e. g., sparselydistributedmatter or assimpleasthe
objectlying outsidethe obserer’s field of view.
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Figure 2: If gravitational forcesare confined
to a limited region in space a sphee can be
imagined around the observerthat sepaates
curvedandflat regionsin spacetime Light in

the flat region travelsalong straight lines. If

the sphee’s radius is small compaked to the
distanceto theobject,the plenopticfunctionat

thesurfacecanbeapproximatedoytheplenop-
tic functionat the sphee’s center For nearby
objects, this approximationintroducesparal-

lax artifacts.

the spheres surface may be approximatedby the
plenopticfunction at the centerof the spherein the
flat sourcespacetime.Second,n a staticscenethe
plenopticfunctiononthe spheres surfaceis indepen-
dentof time. Combiningboth restrictions,a single
4t steradview is sufficient to describethe plenoptic
functionatall pointsonthesphere Notethatthe met-
ric may still be time-dependent.Third, for a cylin-
drically symmetricspacetime sphericalcoordinates
may be definedso that the metric is independenbf
angle@. If all theseprerequisitesaremet, anaberra-
tion equationsimilar to (1) canbe formulatedto de-
scribethe connectiorbetweena flat spacetimeanda
curvedspacetimevith stronggravitationalforces,

o =1(0). )

The generalizedaberrationfunction f dependsnly
on the obsener’s location and on the metric inside
the sphere. In this equation,possibleabsorptionor
opticaldiffractionby thematterbuilding upthemetric
is neglected.

As a sampleapplication we investigatethe so-called
warpmetric[Alcub94, a physicallysoundsolutionto
Einsteins generalrelativistic field equationghat al-
lows abodyto travel fasterthanlight. Thebodyitself
restsinsideawarpbubble;it is the bubblethatmoves
through spaceand carriesthe body with it. For an
outsideobsenrer, the body appeardo move at warp

speed—ésterthan light.> The warp metric is time-
dependenbut meetsall restrictionsstatedabove. It
is cylindrically symmetricanddiffersfrom flat space-
time only in a small region at the bubble’s surface.
Assuminga point-like obsener, the bubble can be
constructednfinitely smallaroundthe obsener’s lo-
cation;in this senseall sceneobjectsareguaranteed
to befar away comparedo thebubble’s extent.

The warp metric was alternatvely visualized by
meanf four-dimensionatay tracingin [WeiskO0R.
Clark et al.[Clark99 investigatednull-geodesican
thewarpmetricon a physicalfooting.

Further well-known metrics include the Schwarz-
schild metric for static, sphericallysymmetricbod-
ies, and the Kerr metric that takes into accountan
additionalrotation of the body. Both metricsshav

the requiredcylindrical symmetrybut are unlimited

in spacialextent. However, they are asymptotically
flat, so given a certaindegreeof accurag, a cut-off

radiuscan be definedand the metric be regardedas
flat on the outside. In this way, the proposedren-

dering schemecan be appliedto visualizethe looks

of faravay objects—lile distantstars—aseenby an

obsener closeto a staticgravitating mass,or an ob-

senerlocatedonthesymmetryaxiscloseto arotating
gravitating mass.

4 RENDERING TECHNIQUE

Aberration-basedelatiistic renderingis a straight-
forward extensionto the renderingpipelinein tradi-
tional image-basedendering. It introducesan addi-
tional transformationof the plenopticfunction used
for final imagegeneration.This transformatiorcon-
sists of corventionalthree-dimensionatotationsto
orient the metric in space,and the calculation of
aberrationaccordingto (4). Shifts in wavelength
andintensityarecurrentlyneglected. The relativistic
modificationsarelocatedat the end of the rendering
pipeline,just beforefinal imagegenerationall prior
stepsareleft unchanged.

This renderingschemecan be regardedas a subset
of the extendedcameramodel by Loffelmannand
Groller[Loffe9q that was originally developed for
ray tracers. It can, however, trivially be appliedto
imaged-basedenderersaswell. We confineour ex-
tendedcamerao afixedpointin spacetimeNo such
prerequisiteareimposedonthedirectionalmappings
thataregivenby the generalizedberratiorfunction.

SWhile the warp metric doesnot violate the Theory of Gen-
eralRelatvity, constructingawarpbubblerequiresso-calledexotic
matterwith negative restenegy[Ford0(. Exotic matterstill is in
accordanceao GeneralRelatvity but hasnever beenobsered so
far. It mayor maynot exist.
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Figure 3: Snapshobf a samplesceneat rest. (a) Front view. The camer pointsinto the directionthat
will later be usedasdirectionof flight. It covers a horizontalangleof view of 60°. Thiscamer parameter

remaingfixedfor all furtherimages. (b) Bad view.

In this sense,image-basedelatvistic visualization
canberegardedasviewing areal-world scenghrough
anextendedcamerawith ageneriaelatiistic lensap-
plied.

By capturinga seriesof plenopticfunctionsalonga
predefinedpath, a sequencef relativistic snapshots
canbe generatedindcombinedinto arelatiistic an-
imation. In regionswhereareasf the sourceimages
are heavily scaleddown by the relatiistic transfor
mation,numericalerrorsdueto the discretenatureof
the input datamay lead to disturbingflickering arti-
factsin partsof the movie. This problemis known
in traditional computergraphicsas well and canbe
addressedby filtering techniques. We treatfiltering
issuedn detailin thefollowing section.

5 IMPLEMENTATION AND RESULTS

The described image-basedrelativistic rendering
schemes implementedn a batch-joborientedsoft-
warerenderercalledErganzingen It extendsthesoft-
waresystendescribedn [Weisk004. Therendereis
writtenin C++. It takesa seriesof imagescapturecht
asinglepointin spaceandblendsandstitchesthem
into a4mtsteradview, asphericabanoramaThegen-
eralizedaberrationfunction (4) is obtainednumeri-
cally: theinitial valueproblemfor thegeodesiequa-
tion (2) is integratedby meansof the fourth-order
Runge-Kuttamethod[Press94with adaptie step-size
control. For symmetricmetricssuchasthe warpmet-
ric, thisis donein a pre-computingstepfor adiscrete
setof 8 samplesandstoredin alookuptable.Interme-
diatevaluesarelaterobtainedby linearinterpolation.

Aliasing effects are reduced by meansof bilin-
ear interpolation on the sourceimages. Alterna-
tively the sourceimage canbe thoughtof asa two-

dimensionakexture with regardto coordinate® and
@, sotexturefiltering techniqguexanbe applied.MIP
mapping[Wlli83] asthe mostwidely usedfiltering
techniqueis basedon quadraticfootprints, while the
highly non-linearrelatiistic transformationsauser-
regularly shapedootprints. We have thereforadmple-
mentedafiltering schemehatcalculategrectangular
axis-alignedfootprint of eachsourcepixel basedon
the first-orderderivativesof the transformatiorfunc-
tions. Additionally, standardsupersamplingan be
applied. Erganzingenso far only visualizesapparent
geometry

Rawv image datafor the suppliedsampleimagesin
figures3—7wascapturedusinga standardV camera
mountedon atelescopdork arm. The cameras cali-
bratedonthefork armto ensurethatits opticalcenter
remainsfixed in spacewhenthe camerais turnedto
differentpositions. So multiple views from a single
pointareobtainedhatcanbecombinednto afull 41t
steradpanoramaPositioningandimagecapturingare
automatedindremotelycontrolledby alaptop.

The following example investigatesa real-world

scene(figure 3) at high speeds. Figures6 shows a

seriesof front view imagesrenderedrom the center
of awarpbubbletraveling at variousspeedsPlotsof

somecorrespondingieneralizedaberratiorfunctions
aredisplayedn figure 1(b). Notably, while theappar

entfield of view getsenlagedin thewarp-drive front

view, straightlines remainstraight,and angulardis-

tortions are weak. As the aberrationtransformation
dependsonly on angle®, this is by no meansnatu-
ral but avery specialcase gspeciallywhencompared
to the special relatiistic results (figure 4), where
straightlines becomedistortedto hyperbolae. Note

alsothatthis propertyis immediatelyvisible from the

renderedimages,yet hardly apparentrom the data
plots.



(a) (b)

Figure 4: Comparingthe front view at eighty percentof the speedof light. (a) Specialrelativistic view.
(b) View from inside the warp bubble Image distortionsinside the warp bubble are remarkablysmall
compaedto the specialrelativistic result. At warp speedstraight lines remainstraight in the front view,
while specialrelativistic effectsdistort themto hyperbolae

(a) (b)

Figure5: Comparingthe bad view at eighty percent of the speedof light. (a) Specialrelativistic view.
(b) View from inside the warp bubble While SpecialRelativity magnifies objectsto the bad, the warp

bubbleshowsthe oppositeeffect,andthe appaentfield of view getsevenlarger thanat rest.

Looking oppositeto the direction of motion offersa
slightly distortedview at velocitieswell below the
speedof light (figure 5). At warp speedight from
a coneshapedregion in spacecannotreachthe ob-
seneranymore(figure 7). Thepropertiesof theaber
rationfunctionhowever ensurethatthereis no appar
entblackvoid; instead the virtual hole getssevn up
with imageinformationfrom thesurroundingareas.

6 CONCLUSION AND FUTURE WORK

In this paperwe have shovn how to extend image-
basedmethodsfrom specialrelativistic visualization
to rendergeneralrelativistic scenes. An extended
aberrationfunction hasbeendescribedwvhich allows
to treatthe visualizationof specialand generalrel-
ativistic effects on the samefooting. We have pre-
sentedan analysisof the requirementsmetric and

scenemust meet for the method being applicable.
Photo-realisticsnapshot®f objectsas seenthrough
strong gravitational fields can be generatecht ease.
Theseimagesprovide additionalinsightin the prop-
ertiesof certainspacetimeandareapplicablefor sci-
entific visualizationaswell asedutainment.

Furtherwork in this areawill improve the geodesic
calculatorto include information aboutthe gravita-
tional blue-or redshift,sorelativistic effectson color
andintensity canbetakeninto accountaswell. Ad-
vancedtexture-filtering techniquesnore suitablefor
irregularly shapedfootprints will be investigatedn
orderto enhancémagequality. An improved auto-
matedsystemto capturemultiple panoramicdmages
alonga pre-definecpathwill allow to generatghoto-
realistic generalrelativistic movies from a seriesof
shapshots.



(a)

(b)

Figure6: Front view at warp speed.(a) 500 percentof the speedof light. (b) 1000percentof the speedof
light. Anapparentlywider field of view is the only prominenteffect.

(a)

(b)

Figure7: Bad view at warp speed.(a) 100 percentof the speedof light. (b) 120 percentof the speedof
light. Geometricdistortionsare mud more prominentthanin the front view (figure 6). At higher speeds,
image informationfroma coneshapedegionto thebadk is no longer visible
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