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Abstract

Theever growing sizeof data setsresultingfromindus-
trial andscientificsimulationsand measuementdavecre-
ated an enormousneedfor analysistools allowing inter-
activevisualization. A promisinghierarchical approacd in
the areaof numericalsimulationis called sparsegrids. We
presentwo major visualizationalgorithmsworkingdirectly
on the sparse grid representationof the data set. One of
themis interactive particle tracing which continuesto be
an importantutility for evaluating CFD simulations. The
otheroneis volumeray casting which is of interestin many
areasdealingwith three-dimensionadcalardata. Addition-
ally we have beenable to employtexture hardware sup-
port for the necessaryfunction interpolation. Hence we
are ableto performvolumevisualizationmethodson com-
presseddata setsat interactive framerates, which is not
possiblewith other methoddike waveletsor fractal com-
pression.In particular, we are ableto handlesparsegrids
of level 13, which correspondto regular volumesof 8193
voxels.

1. Intr oduction

The sparsegrid idea was developedin the 1960s by
Babenlo [1] and Smolyak[23]. They showved that a spe-
cial tensor product techniqueof constructinghigher di-
mensionalquadratureformulas and approximationopera-
tors from correspondingone-dimensionabbjectsleadsto
almostoptimalerrorrates.ln 1990sparseggridswereintro-
ducedto thefield of numericalcomputatiorby Zengef31].
By meansof sparsegrids, it is possibleto reducethe total
amountof datapointsor the numberof unknovnsin dis-
crete partial differential equations. Due to thesebenefits,
sparseagrids are more andmore usedin numericalsimula-
tions[2, 3,10, 11].
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On the otherhand, it is ratherdifficult to visualizethe
resultsof the simulationprocessdirectly on sparsegrids,
sinceevaluationandinterpolationof functionvalueds quite
complicated Becauseof this, the resultsof numericalsim-
ulationson sparsegrids are usually interpolatedto the as-
sociatedfull grid. Thereafterall well known visualization
algorithmsworking on regular grids canbe used,e.g. par
ticle tracing,iso-surficeextraction,and volumerendering.
However, amajordravbackof this procedurds thefactthat
the advantageof low memoryconsumptiorof sparsegrids
comedto nothingusingthe associatedull grid for thevisu-
alizationstep.

Thereforeyisualizationtoolsworking directly on sparse
gridsareanimportanttopic of researchHeuRerandRumpf
presentedn algorithmfor iso-surbceextractionon sparse
grids[14]. In apreviouswork, we introducedparticletrac-
ing [26] and volume visualization[27] on uniform sparse
grids.

The goal of this paperis to give insightinto both the
difficultiesandchancef the sparsegrid techniqueandto
presenanoverviewn overanimportantfacetof thewidefield
of hierarchicaimethoddor visualizationpurposes.

2. Mathematical Foundations

In this sectiona brief summaryof the basic ideas of
sparsagridsis given. For a detailedsurwey of sparsegrids
we referto [2, 31]. In orderto make this overview easier
to understandandto reducethe numberof indices,we de-
scribeonly three-dimensionafjrids, whereashe sketches
alwaysrevealthetwo-dimensionasituation.

2.1 SparseGrids
Let f :[0,1]* — R beasmoothfunctiondefinedonthe

unit cubein R3 with valuesin R. Furthermore,f should
vanish on the boundaryof the cube. This condition is



Figure 1. Examples of basis functions, b(ll) and b(lz) on
the left and b(Llf) and b(l%éz) on the right hand side.

not a strongrestrictionbut it is just helpful for an elegant
description. Of course,the algorithmscan handlethree-
dimensionalfunctionsand even vectorfields without zero
boundaryconditions. If sucha function f is usedin a nu-
merical computationit hasto be discretized which means
thatonly functionvaluesat certainpositionsof aspatialgrid
arestored.Thesimplestof thesegrid structuress auniform
mesh,which canbe representedsa three-dimensionar-
ray.

Now let G, i, i; beauniform grid with respectie mesh
widths hij =27", j =1,2,3 andL, bethefunction space
of the pieceawise tri-linear functionsdefinedon Gnnn and
vanishingon the boundary Additionally, considerthe sub-
spacesS, ,i; of Lo with 1 <ij <n, j = 1,2,3, which con-
sistof the piecavise tri-linear functionsdefinedon G;, i, i,
andvanishingon the grid pointsof all coarsegrids, with

n n n
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Hence, we have found a hierarchical basis decomposi-
tion of the function spacei,, wherepiecavise tri-linear fi-
nite elementsare usedasbasisfunctionsin eachsubspace
Si,,ipis- Thesebasisfunctionsaredefinedasfollows (com-
pareFig. 1):
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Sincewe areinterestedn estimationsof the interpolation
error, we look at f, € Ly, the interpolatedfunction on the
grid Gp,....n, which is givenby
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Thevaluesc(kilfﬂi’g) arecalledcontribution coeficientsand
fiLizis € Syinis IS @linear combinationof the basisfunc-
tions of the appropriatesubspace. It can be shovn that

Figure 2. A two-dimensional hierarchical subspace de-
composition is shown on the left hand side, the respec-
tive sparse grid is sketched on the right hand side.

the following estimationshold with regard to the L2 or
L* norms(compard?2, pp.13]):
0o f
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So far we have just dealt with regular uniform meshes,
whicharenamedfull grids. Now let usturnto sparsegrids.
Equation(4) shaws that|| fi, i,.i;|| hasa contribution of the
sameorder of magnitude namelyO(2-2¢°"¥) for all sub-
spaceswith i1 +i2 + iz = cond. Additionally, thesesub-
spaceshave the samenumberof basisfunctions, namely
2¢0n$=3 - Sincethe numberof basisfunctionsis equivalent
to thenumberof storedgrid pointsandbecausef the con-
tribution argumentaswell, it seemgo beagoodideato de-
fine asparsagrid space., asfollows (comparealsoFig. 2):

|:n = @ Sl7i2,i3- (6)

i1+i2+i3§n+2

Now theinterpolatedunction f,, € L, is givenby

fn = fir,izia (7
i1+i2+|3§n+2

andtheinterpolationerrorwith regardto theL? or L* norm
is givenby (comparg2, pp.23])

I fall < 0 (R (logz (R5%))?) - (8)

Thisestimatiorshavsthatthesparsegrid interpolatedunc-
tion f, is nearlyasgoodasthefull grid interpolatedunction
fa (compareEq. (5) with Eq. (8)).

Now we considerthe dimensionf the function spaces
L, andL,, which correspondo the numberof nodesof the
underlyinggrids. Obviously, the dimensionof thefull grid
spacds givenby

dim(Ln) = 0(2*") = O(h;®). 9)
For the sparsegrid thefollowing relationholds:

dim(Ly) = 0(2?) = O(h;Y(logy(h71)*) . (10)



level 6 7 8 9 10 11

full gridsize 65° 128 2572 513 1025 2049
full grid 1MB 8MB 64MB 512MB 4GB 32GB
sparsegrid  15kB 35kB 83kB 200kB 450kB 1MB

Table 1. Memory consumption of sparse grids

Thereforeatremendousmountof memorycanbe savedif
sparseagrids are usedinsteadof full grids. Table1 demon-
strateghis benefitlisting thememoryconsumptiorfor vari-
ousgrid levelsontheassumptiotthatscalarsingleprecision
floatingpointvaluesaregivenateachgrid node.Obviously,
sparsayridsarealsoverysuitablefor compressingugereg-
ular datasets.This opensup the potentialto visualizethem
evenon workstationswith a limited amountof main mem-
ory.

Finally, recallingthatthe sparsegrid spacel,, is the di-
rectsumof all subspaces§ j x with i+ j+k<n+2,wede-
fine thelevel of a subspaceasthenumbem =i+ j+k—2
andthe level of the sparsegrid spaceasthe direct sumof
all subspacesf the samelevel of subspacesHence,L, is
thedirectsumof its first n levelsandis calleda spaisegrid
of leveln.

2.2 Adaptive Evaluation of SparseGrids

In orderto improve on the rathertime consumingstan-
dardsparseagrid interpolationasdescribedabore, an adap-
tive approacHor thefunctionevaluationis presentedh this
subsection.

First of all, it is importantto distinguishbetweenactual
adaptve sparsggridsandan adaptve way of functioneval-
uation, i.e. an adaptve traversalof ordinary sparsegrids.
Adaptive sparsaridswereintroducedo thefield of numer
ical simulationsby Bungartz[2] in 1992. Roughlyspolen,
theideaof adaptve sparsagridsis to storecontributionval-
uesonly if their normis greaterthanagivenerrorcriterion.
Theresultingmemorysavings areinvestedn calculatinga
furtherlevel of the numericalsparsegrid simulation.In [2]
it wasshavn thatadaptie sparseyridsleadto slightly better
numericalresultsthanplain sparsegrids.

However, in our situationanupperboundof theaccurag
is givenby the input data. Thus,we do not needadaptie
sparsegrids to improve accurag. On the otherhand, us-
ing sparsagridsinsteadof full gridsresultsin sucha great
adwantageof memorysaving thatthe benefitof employing
adaptve sparsegrids insteadof plain sparsegridsis negli-
gible.

Sinceour goalis to decreasehe computingtime of the
sparsarid interpolationwe introduceanadaptvetraversal
of thestandardsparsegrid in orderto computefunctionval-
ues.Againtheideais to omit contribution coeficientswith

a normbelow a given error criterion during the interpola-
tion processHere,we have to distinguishbetweeradaptv-
ity with regardto the L? andthe L® norm. Although they
generatghe samesparsegrid, thesenormsleadto slightly
differentadaptve approaches.

Analyzingthe situationwith respecto the L* norm,we
find thatthe contribution of onebasiselementof subspace
Si,,i»,i; to thefunctionvalueis givenby (compareEqg. (3))
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andthe maximumcontribution of subspac&, j, i, is
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For vectorfieldstheabsolutevalue| - | hasto bereplacedby
anappropriatenormof the EuclideanspaceR™ andwe ap-
ply the maximumnormof R™ in orderto ensuremaximum
accurag for all componentsf the vectorfield.

The actualconceptof the adaptve grid traversalis that
basisfunctions,which have contribtution coeficients with
an absolutevalue belowv a given error bound, are left out
during the interpolationprocess.This resultsin a function
evaluationthatconsiderghelocal structureof the dataset.

As a secondmodificationof the plain sparsegrid algo-
rithm, we have integrateda preprocessingtep,which com-
putesand storesthe maximum contribution of eachsub-
space(seeEq. (11)). This kind of adaptve grid traversal
leadsto a function evaluationwith directiondependenac-
curag/, becausdifferent subspacesf the samelevel ex-
hibit differentresolutiondn thethreecoordinatedirections
(reconsidethe hierarchicakubspacelecompositioron the
left handsideof Fig. 2).

Now let usdiscussheadaptve approactbasednthel?
norm. A straightforward calculationshows thatthe contri-
bution of onebasiselementof subspaces, , i, to thefunc-
tion valueis givenby

C |1a|27|3 |17|27|3) (|1a|27|3) (i17i27i3)
kiko kg~ 1, ka3 || T | Vkakzks ki,kok3 || 5
- |c (i1,i2,i3) (3- 2i1+i2+i3—1)—3
k1 ko,k3 )

Sincei; +i2+1i3 —1 = n+ 1 with n denotingthe current
level, the square-rooterm only dependson the level and
is, therefore,constantfor all subspacesf the samelevel.
Hence thistermis alsoafactorof the maximumcontribu-
tion of the correspondingubspaces.

In contrastto the L® norm, the L2 norm generatesan
adaptionstratgyy thatconsidershot only the absolutevalue
but alsothelevel of a contribution coeficient. Contribution
coeficientsof higherlevels are morelikely to be omitted
thancoeficientsof lowerlevels.



Figure 3. A two-dimensional sparse grid of level 3 can
be reconstructed by linear combination of five full grids
of low resolution.

2.3 The Combination Technique

Sinceboth the standardandthe adaptie sparsegrid in-
terpolationof function valuesare quite complicatedand
rathertime consumingwe have alsoimplementedhe so-
called combinationtechnique,which was introducedby
Griebel, Schneider and Zengerin 1992 [11]. Actually,
the combinationmethodhasbeenusedin numericalsim-
ulationsin orderto combinepartial solutionscomputedon
smaller suitablefull gridsto the desiredsparsegrid solu-
tion. However, we startwith a datasetgivenon a sparse
grid anddecompos¢he grid suchthatthe datasetis repre-
sentedbn certainuniform full gridsof low resolution.Now
thefastandsimpletri-linearinterpolationcanbe performed
on eachof thesefull grids. Theresultingvalueis computed
by linearcombinationof thetri-linear interpolatedull grid
results.

Specifically it canbe proventhatthe three-dimensional
interpolatedunction f,, € L, is givenby

fn - X X Z f|17|27|3 2 . X f|l7|2’|3
i1+io+iz=n+2 i1+io+13=n+1
c
+ fis iniia (12)
i1+izFiz=n

wherefg ; ;. denoteghetri-linearinterpolationof function
valuesontherespecue full grid. Figure3 revealsthetwo-
dimensionakituation,which also shows that the usedfull
gridsconsistof the samenodesasthe correspondingparse
grid.

Investigatingthe benefitsof the combinationtechnique,
we find thatthe total numberof summand®f the standard
sparsarid interpolationon a three-dimensionaparsegrid
of level nis givenby

=}

ii+1)
2

= (—15n(n+ 1(n+2) (13)

(compareEg. (7)), whereasthe total numberof tri-linear
interpolationsof the combinationmethodaddsup to

n
Z |+1 §n(n—1)+1

in the three-dimensionatase (see Eq. (12)). That is,
the numberof tri-linear interpolationsof the combination
methodis oneorderof magnituddower thanthe numberof
summand®f the standardnterpolation.

However, thecombinatiormethodoutperformghe stan-
dardmethodin termsof basicarithmeticaloperationsonly
for levels above 50, for which computerswill not have
enoughmainmemorypresumablyor the next few decades.
Despitethis, the main advantageof the combinationtech-
nigueis thefactthatuniform full gridsareused.Thus,it is
possibleto implementthe interpolationroutinein termsof
tight f or -loops, which makesthe combinationtechnique
an order of magnitudefasterthan the standardapproach
evenfor the lower levels. Additionally, it is possibleto ex-
ploit the texture hardwaresupportof graphicsworkstations
for theinterpolationof functionvalues(seeSect.4.2).

Finally, we have to commenton memoryconsumption
of the combinationmethod. Since here some points of
the actual sparsegrid are storedseveral times, the mem-
ory consumptiorof the combinationmethodis aboutfour
to five timeshigherthanthe oneof the standardsparsegrid
method.However, comparedo full gridstherequiredstor
ageis still neggligible.

(14)

3. Particle Tracing

Flow visualizationtools basedupon particle methods
continueto be an importanttopic of research. Lagrange
visualizationtechnique®f vectorfieldsarebaseduponthe
numericalsolution of aninitial value problemfor the fol-
lowing ordinarydifferentialequation:

dx

Ve (15)

X(to) =X ,
wherev denoteghe velocity vectorfield, x the position,t
thetime variableandxg the startvalueattheinitial timetg.

Usually, anumericalintegrationmethodis usedto obtain
a solution. All suchmethodshave in commonthat they
haveto evaluatethevectorfield v atcertainpositionswhich
arein generalnot at grid points. Therefore the value of v
at sucha positionhasto beinterpolated.As mentionedn
Subsect2.1, the interpolationon sparsegrids is different
from the oneon full grids, whereasmostotherpartsof the
particle tracing algorithm can remainunchanged.Further
exceptionsaretheroutinesrequiredfor handlingcurvilinear
grids(seeSubsect3.4).

Our particle tracing moduleimplementsthe samefea-
tures, e.g. colored streaklines, ribbons, tubes, balls, and



tetrahedrgseeFigs. 5 to 7), asour previous full grid par

ticle tracingtool, which is partially describedn [12] and
[13]. For comparisonwe have implementedseveralinter

polationtechniquesisingsparsegrids,which aredescribed
below.

3.1 Uniform SparseGrids

In contrasto tri-linearfull grid interpolation sparsegrid
interpolationdoesnot operatelocally, becauseone basis
functionin eachsubspaceontributesto thefunctionvalue.
Sincethetri-linearinterpolationis oneof themosttime con-
sumingoperationgluringthepatrticletracingproces®nfull
grids[15], thecomplicatedsparsegrid interpolationis even
moretime consumingThereforejt isimportantto perform
theinterpolationasfastaspossible.

The contribution coeficientsof the sparsegrid areusu-
ally storedin abinarytree[2, 3, 14]. In this casearather
slow recursve treetraversalis necessaryor the interpola-
tion of function values. Although cachingstratgies can
increasethe efficiency of the traversal[14], the computa-
tion remainsrathertime consuming.In orderto avoid the
treetraversalandto acceleratehe accesgo the contribu-
tion coeficients, we have developeda new, very efficient
datastructurebaseduponarrayswhich canbeaccessedi-
rectly.

Thesedatastructuresandthe associate@ccessnethods
areimplementedoy meansof a particularC++ classhier-
archy Thebaseclasscontainsa stackof n levels. Further
more, eachlevel compriseghe respectie numberof sub-
spaceg(n+ 1)n/2). The subspacethemselfcontainanar
ray of the size2"~* timesthe datadimensioneach holding
the contribution coeficients.

The functionvalueat an arbitrary positionis computed
accordingto Eg. (7) by invoking an interpolationmethod.
This methodsendsa methodcall to eachlevel to accumu-
late the contritutions to the resultingvalue. Hereit per
formsaloop over all subspacesf the currentlevel. In this
loop, therequiredbasisfunctionis determinedrom the co-
ordinatesof the working position. Recallingthatonly one
basisfunction per subspacés unequalto zeroat a certain
positionbecausall basisfunctionsare hat-functionswith
disjunctsupportswe caneasilydetermineherequiredcon-
tribution value. Now the ‘height’ over the currentposition
in thetri-linear hat-functionis computedandmultiplied by
the contritution value. Thus,we obtainthe total contribu-
tion of this subspaceo thefunctionvalue. Additionally, we
computethe Jacobiarin thisloop by looking up the correct
‘height’ of thederivative of thehat-functionwhichis asim-
ple box-function. The Jacobiaris neededo determinethe
local rotation of the flow for displayingstreambandsand
streamtetrahedra.

3.2 Adaptive Grid Traversal

In orderto perform an adaptve grid traversal as de-
scribedin Subsect2.2,theloop hadto beenhancedh such
a way that contribution valuessmallerthan a given error
boundare omittedin the function value interpolationpro-
cess.In addition, the initialization methodhadto be mod-
ified, which is called in the preprocessingtepwhen the
actualsparsegrid is created During this procesghe contri-
bution coeficientsare computedrom an analyticfunction
or afull grid dataset,or they arereaddirectly from asparse
grid dataset. Sincewe often dealwith vectorfields, each
basisfunction doesnot only containa single contribution
coeficient but an arrayof coeficients. For the purposeof
adaptve function evaluation,the mentionedarrayhasbeen
extendedby onecomponentn orderto storethe maximum
absolutevalueof the contribution coeficients. Moreover, a
variable hasbeenaddedto eachsubspacdor storing the
maximum contribution coeficient of the entire subspace.
Of course,all theseadditionalvariablesstoringmaximum
contritution coeficientsareinitialized during the creation
of thesparsayrid. Keepingin mind thatthe maximumcon-
tribution coeficientsaretheonesaccordingo theL* norm,
theerrorcriterionhasto bemodified,if theL? normis used
(compareSubsect2.2).

3.3 Combination Technigue

Equation(12) determineghe interpolationprocessfor
the combinationtechnique,which combinesfull grids of
low resolutionto a resultingsparsegrid. Sincethesefull
gridsareuniform grids, thefunctionvaluescanbestoredin
three-dimensionahrraysand derived by tri-linear interpo-
lation. Thus,theinterpolationmethodof the appropriately
derived classcan addresghe necessaryunction valuesin
a tight loop. This fact makes the combinationtechnique
anorderof magnitudefasterthanthe previously described
sparsayrid interpolationevenfor low levels.

The combinationtechniquecanbe acceleratedby using
thetexture hardwareof moderngraphicssubsystems-How-
ever, this methodcan only be usedefficiently for volume
visualizationandnotfor particletracing. Thereasoris, that
for particle tracing only a single function value hasto be
interpolatedat a given time step,whereasan entire plane
of valuesis requiredfor volumerendering.Subsectiort.2
givesadetaileddescriptionof emplgying texture hardware.

3.4. Curvilinear SparseGrids

Theunderlyingconcepf curvilinearsparsegridsis the
sameasfor curvilinearfull grids. In the caseof uniform
full grids, only the function valuesare storedin an array
whereasn caseof curvilineargrids,thefunctionvaluesand



X, C-Space Y, P-Space

o
R

Xy A

Pointsin P-space q
Vectorsin P-space w(q)

o (p)
Jadd) |p-v(p) -

Figure 4. Relationship between computational and
physical space.

the coordinatesof the grid pointsaswell are saved. If a
curvilinearsparseagrid is consideredthe contribution coef-
ficients of the coordinatesof the grid points are storedas
additionalcomponent®f the basisfunctions.For the com-
bination technique,the coordinatesof the grid points are
storedin thearraysof the smallfull gridsaccordingly

The coordinategyiven on grid pointsof the sparsegrid
can be interpretedas a discreteversion of the coordinate
function¢, which relatespointsof the computationaspace
(C-space)to points in the physical space(P-space)(see
Fig.4).

Particle tracingin arbitrary non-uniformgrids requires
the so-calledpoint locationto be performedfor eachinte-
grationstep,in orderto find the cell containingthe actual
particleposition. Only thenthevelocity at thatpositioncan
be accuratelyinterpolatedfrom the valuesat the cell ver
tices.

For the caseof curvilinear grids, particle tracing algo-
rithmscanbedividedinto P-spacendC-spacenethodsA
C-spacealgorithmcalculateghe particle pathin computa-
tional spacewvherepointlocationis assimpleasfor uniform
grids. However, tri-interpolationin C-spaceequiresthe P-
velocitiesat the verticesto be transformednto C-spaceby
meansof the Jacobiarnandthe back-transformatiornf the
path positionsinto P-spacefor visualization. In contrast,
a P-spacemethodcomputesthe particle trace directly in
the physicaldomain,which savesthe transformationsut
leadsto a more complex point location and interpolation.
Sadarjoeret al. [21] shaved that P-spacealgorithmsare
in generalpreferableto C-spacemethods.Hence,we have
implementedh P-spacelgorithmappropriatelyadaptedor
sparseagrids. Working directly in P-spacethe stencilwalk
algorithmintroducedby Buning [4] is usuallyusedfor the
pointlocation.

First of all, we initialize the desiredC-spacepositionr ¢
by startingin the centerof our volumein C-spaceln order
to improve this guessthe C-spacepositionis transformed

into P-spaceThis is doneby a sparsegrid interpolationus-

ing either plain sparsegrids, adaptive sparsegrids, or the

combinationtechniquelf thedifferenceof thetransformed
guessandthe currentpositionin P-spaceds smallenough,
we acceptthe C-spaceposition. Otherwisethe difference
is transformedbackinto C-spacevia the inverseJacobian
andthenaddedto the previous guess. Thereafterthe pro-

cedureis iterateduntil the appropriatepositionin C-space
is located.Onfull grids,the stencilwalk algorithmusually
needslessthanfive iterationsto find the correctC-space
position.

As yet, the modificationsof the stencilwalk algorithm
seemto be very moderate But the main questionis how to
calculatetheinverseJacobianOnfull grids,thisis doneon
the fly by tri-linear interpolationof the eight Jacobiansat
theverticesof the currentcell andsubsequernmatrix inver-
sion. The Jacobianat the verticesare computedby finite
differencesHowever, tri-linear interpolationis notpossible
on sparsegrids. Thus,we have to usesparseagrid interpo-
lation andwe have to storethe inverseJacobiani.e. there-
spectve contribution coeficients,at eachsparsegrid point.
This memoryoverheadcan only be justified with the fact
thatsparsegridsthemselesarevery storageefficient.

As the data setsusually do not containthe Jacobians
explicitly, the Jacobiansandtheir inversematriceshave to
be calculatedaswell astheir contribution coeficientsdur-
ing initialization. We have modifiedthe methodsin sucha
way thatin a first passthe contribution coeficientsof the
functionvaluesandtheinverselJacobiansrecomputedand
storedin thesparsegrid structure.ln asecondassthecon-
tribution coeficientsof theinverseJacobiangarecomputed
andstoredovertheoriginal componentsf theinverselaco-
bians. The secondpasstraverseghe levels beginning with
the highestlevel andendingwith level 1, becausehe con-
tribution coeficients only dependon the currentfunction
valueandon the function valuesof lower levels. This fact
canbe deducedrom Egs.(2) and(3). Hence,it is possi-
ble to overwrite the original component®f the inverseJa-
cobianssuccessiely. Noticethatlevel O is not part of the
mentionedsecondpasshecauseén level O contribution val-
uesandfunctionvaluescoincide.

3.5 Examplesand Results

In orderto compareour sparsegrid particletracingmod-
ule with full grid particletracers,two datasetshave been
used. The first oneis a cavity flow dataset(seeFig. 5)
on afull grid of 129 nodes,which correspondso level
7 in sparsegrid terminology The datasetcontainsveloc-
ity, pressureandtemperaturalataat eachvertex requiring
morethan40 MB. The samedatasetwith a resolutionof
257 (level 8) would needmore than 320 MB, which is
probablytoo much for most workstations. On the other



° w\ Q\Q
AR
S [5) o\
< e )y
%0 ° . \
° !
o
o |
oo °
Figure 5. Streak tubes in Figure 6. Colored

a cavity flow computed streak balls and

on a full grid and sparse tetrahedra in a vortex
grids of level 3, 5, and 7. flow.

Figure 7. Streak bands in a vortex flow computed on
a full grid and sparse grids of level 0 (left), 1 (middle),
and 4 (right).

hand, this datasetstoredon a sparsegrid consumeonly
175kB for level 7 and415kB for level 8.

The seconddatasetis a vortex flow (compareFigs. 6
and?7) givenanalytically Thereforewe areableto create
sparseandfull gridsin ary resolutiononly limited by the
mainmemoryof theusedmachine.

For eachexperimentnine streakribbons consistingof
about 500 particles were integrated using an adaptve
RK3(2) scheme(seeFig. 7). Time measurementbave
shaowvn that interactive particle tracing is possibleeven on
sparsegrids of level 8. However, the drawback of sparse
grid interpolationis that the computingtime risesat least
quadraticallyif the grid level is increased.In contrastto
this, the computingtime of the full grid moduleis only
growing slowly, sincein theorythe time for particletrac-
ing on full gridsis independentf the grid size. Investi-
gatingthe accurag of sparsegrid particle tracing, theory
(seeEgs.(5)and(8)) tells us that the differenceshouldbe
rathersmall. Moreover, the integrationerror of RK3(2) is
ontheorderof O(t®) wheret denoteghe currenttime step
(seethe discussiorin [25]). In fact,theresultsof particle
tracing on the analytic dataset confirm theseestimations,
sincethe ribbonscomputedon full and sparsegrids coin-
cide on screenfor levels greaterthan 3 (compareFig. 7).
However, for the derivationof the mentionedupperbounds
for theinterpolationerrors,a certainsmoothnessf thedata
wasa prerequisite.Sincediscretedatasetsare not smooth

Figure 8. Streak balls in the blunt fin data set, com-
puted on curvilinear sparse grids of level 2, 3 and 4.

at all, theseestimationsdo not hold in this case. Indeed,
for discretedataFig. 5 revealsthatthe particletracescom-
putedon sparsagridscorvergeratherslowly to thefull grid
solution. Neverthelessdueto the greatadvantageof low
memoryconsumptionit is possibleto usea sparseagrid of
asufficiently highlevel to overcomethis problem.

For theadaptye grid traversal,severalexperimentshave
shown thatit is importantwhetherthe L? normis usedfor
the adaptve traversalor the L* norm. Employing the L*
norm leadsto a maminal decreasén computingtime but
to a significantlossin accurag. However, by usingthe L2
norm, it is possibleto decreaseomputingtime by about20
percentandto achieve nearlythe quality of the correspond-
ing plain sparsegrid.

The next approachfor acceleratingparticle tracing on
sparseagridsis the combinationtechnique.Thefirst advan-
tageof thistechniguecomparedo adaptve grid traversalis
thefactthatthereis nolossin accurag atall. Combination
techniqueandplain sparsegrid interpolationcreateexactly
thesameparticlepath. Theseconcandmoreimportantben-
efit is thatthe combinationtechniqueis almostby a factor
of four fasterthanplain sparsegrid interpolation.

Now let usturnto curvilinearsparseyrids. For afirst test
we have usedthewell-known blunt fin dataset(seeFig. 8).
Additionally, our modulehasbeenverifiedwith severalan-
alytic datasets.On the onehandsidethesetestshave con-
firmedthatsmoothdatasetsaremoreappropriatdor using
sparsagrid methodshandiscontinuougiata. On the other
handthesetestshave revealedthatparticletracescalculated
on curvilinear sparsegrids corverge slower to the corre-
spondingfull grid trace. Thereasonfor this declinein ac-
curag mightbedueto alessaccurateointlocationcaused
by anintensve useof sparseagrid interpolationin the sten-
cil walk algorithm.Finally, time measurementsave shavn
thatparticletracingon curvilinearsparsegridsis aboutfive
timesslower thantracingon uniform grids. This s roughly
the samedeceleratiorason full grids. Neverthelessinter-
active particletracingis possibleon curvilinearsparsegrids
of level 7 by usingthe combinatiortechnique.



4. Volume Rendering

Three-dimensionascalardatasetsresultingfrom mea-
surementor numericalsimulation can be visualizedvery
well by volumerenderingtechniques.Direct volumeren-
deringtries to corvey a visual impressionof the complete
datasetby assigningdifferentcolor and opacity valuesto
differentobjectsor valuerangeswithin thevolume.There-
sultingimageis thencomputedy takinginto accountheso
definedemissionandabsorptioreffectsas seenby an out-
sideviewer. The underlyingtheory of the physicsof light
transportis simplified to the well known volumerendering
integral in the caseof neglectingscatteringand frequeny
effects[16]. Giventhe emissionq andthe absorptiork the
intensityl alongtheray s canbe computedrom:

(= q(s)e s K(s)ds gg

Thediscretizatiorof thisintegraltogethemwith theassump-
tion thatthe mappingfrom scalargo RGBA valuescanbe

describedby transferfunctionsresultsin the compositing
formulasfor computingtheintensitycontritutionalongone

ray of sight:

n k-1
= kZle iI:L(l_ ai)

The emissionof thevoxel C¢ andits opacityoy arederived
from the transferfunctionsafter interpolationof the scalar
valuefrom the discretesamplepoints.

The basic ray tracing idea [18] is to shoota ray of
sightthrougheverypixelinto thevolume,reconstructinghe
functionvalueat appropriatelychosersamplepointsalong
theray andblendingthe mappedcolor and opacityvalues.
Variousvariantsof this techniqueexist. X-ray like images
aregeneratedy ngylectingthe opacity and just summing
up all values. The so-calledmaximumintensity projection
method(MIP) determinegheintensity of a pixel to be the
maximumfunction value occurringalong the correspond-
ing ray. Eveniso-surbcescanberenderedf anilluminated
pixel is displayedif the differenceof the currentfunction
valueandthe iso-valuechangessign. In this casethe sur
facenormalneededor the lighting computationcoincides
with thedirectionof thefunctiongradient.

Accelerationof this expensve techniqueis achieved by
adaptve sampling[9, 7], by exploiting coherencgl17], by
parallelizingin imageandobjectspaceand by exploiting
hardware in graphicsworkstations[5] or in special pur-
posearchitecture$20]. Relatedo ourwork areapproaches
wherevolumerenderingis performedon compressedata
sets. Wavelet basedtechniqueg[28, 19] reconstructthe
functionvaluefrom a wavelet decompositiorinsteadfrom
tri-linear interpolation leaving the basicvolumerendering
algorithmunmodified.

4.1 Software BasedInter polation

So far the only possibility to visualizedatagivenon a
sparsegrid wasto expandthe sparsegrid to afull grid and
thento usethe traditionaltechniqueon the full grid. For
largersparsegridsthis approachs prohibitive, becausehe
full grid doesno longerfit into the main memoryof stan-
dardworkstations Additionally, the procesof expandinga
sparsarid is extremelyslow.

Therefore we follow theideaof othercompressiordo-
main volume renderingtechniquesand use a traditional
ray castingalgorithmwith the tri-linear interpolationsub-
stituted by sparsegrid interpolation. Of coursewe em-
ploy the differentinterpolationtechniquegpresentedn the
Sect.3. Specifically we reusethe methodsencapsulated
in the C++ classedor the standardnethodandthe combi-
nationtechnique. Currently curvilineargrids are not sup-
ported,though. Thesegrids would requirea stencil walk
inside the innermostloop of the ray castey which would
slow down theinterpolationprocesssignificantly

Dueto the natureof volumevisualization,a hugenum-
berof samplingpointsis neededn theray castingprocess.
Evenwith the combinationtechnique renderingtimesare
faraway from interactvity. However, in contrasto particle
tracing, the volume renderingprocessaddressesampling
pointsin equidistantplanarslicesof the volume. This or-
der canbe utilized to acceleratehe interpolationprocess
by usinggraphicshardware,which is describedn the fol-
lowing section. We are going to seethat hardware based
interpolationcanonly be performedin fix point arithmetic.
Therefore,t is not asaccurateasthe softwarebasednter-
polation,which canstill be reasonabldor generatinghigh
quality images.

4.2 Texture Hardware BasedInter polation

When interpolating data using the combinationtech-
niguethe processospendsnostof its time onthetri-linear
interpolationof the full grids. In orderto significantlyre-
ducethe computationtime, we decidedto take advantage
of thetexturing hardwareof moderngraphicsworkstations.
The graphicsenginesof theseworkstationshave hardware
basedsupportfor MIP mappedtexturing. This technique
reducegexture mappingartifactsduringminificationif pix-
elsarecoveredby mary texture elements.In this casetex-
ture filtering with large kernel sizeswould be appropriate
whichcannotbedonein realtime. Therefore severaldown-
sampledversionsof the texture arestoredtogethemwith the
original resolution. Tri-linear interpolationin hardwareis
usedto interpolatebetweentexture levels and within the
texture.

As avariantof this techniqueseveral vendorshave im-
plementedealtri-linear interpolationfor 3D texturesmap-



ping [22]. While originally intendedto be usedfor volu-
metric effectslik e fog or wood texture, 3D texturesturned
out to be a key featurefor interactive volumerenderingof
regulargrids[30]. Thebasicfunctionality provided by the
underlyingOpenGLextensioncanbe describedasfollows.
Givena flat polygonwhosearbitrary positionand orienta-
tion within thevolumetextureis definedby appropriate3D
texture coordinatesassignedo eachvertex, a 2D textureis
reconstructedn the polygonby tri-linear interpolation.

In our caseof thecombinatiortechniquefor sparseagrids
we do not usethe graphicshardwarefor the actualvolume
rendering thatmeandfor viewing andcompositing but we
employ 3D textures, tri-linear interpolationand blending
operationgn orderto implementEg. (12). To exploit the
provided functionality we hadto rewrite our algorithmsin
sucha way thatthey simultaneouslyreconstructll values
in anentireplane which of courses orientedperpendicular
to the viewing direction of the volumerendering.Our ray
casterthenproceedsy compositingalongraysthroughall
texturedimageslices.

In detail,afterdefining3D textureswith thevaluesof the
full gridsfij’i2’i3, ourclassdravstheappropriatglaneauto-
matically performingthetri-linear reconstructionThenthe
partial resultshave to be addedand subtractedaccording
to Eq. (12). Thisis implementedoy a blendingstepusing
blendingextensionf OpenGL.

In order to switch quickly betweenthe different vol-
ume textures, they all have to fit into texture memory
at the sametime. By using texture objectsof OpenGL,
preloadedexturescanbe selectedor renderingalmostin-
stantly The combinationtechniqueusesfull grids of size
(2+1) (21+1) (2+1). Ontheotherhand,volume
textureshave to be of size2P 29 2", In orderto fit the
full gridscompletelyinto volumetextures,we have to allo-
catetexturesof size2't1 21+l 2kt1 Henceguitealot of
texture memoryis wasted althoughit is a scarceresource.
In principle, OpenGLsupportsvolumetexturesfeaturinga
so calledborderof size 2 in every direction suchthat the
mentionedull gridswould fit almostseamlesslyUnfortu-
nately thesetexture bordersarenotimplementedn todays
hardware.

Whenusinggraphicshardwarefor mathematicatompu-
tations,accurag canbequiteaproblem.On Silicon Graph-
ics machinesthe blendingoperationcan currently be per
formedin theframebuffer with 16 bits at most. Sincepixel
valuesare automaticallyclampedto valuesin the interval
[0,1], all texture elementshave to be scaleddown by the
numberof functionscontrituting positivevalueso Eq. (12).
For a level 10 sparsegrid, 91 of 136 functionscontritute
positive data,which meansalossof almost7 bits, resulting
in only 9 bits of accuraténformation. Sincewe have atbest
16 bits of accuraténformationin theframebuffer, it is suf-
ficientto useonly 2 bytesof texture memorypervoxel. If

a Standard sparse grid. b Combination technique.

¢ Plain OpenGL. d Accumulation buffer.

Figure 9. Views of the cavitiy flow rendered with differ-
ent interpolation methods.

future hardwarewill incorporatelarger frame buffers with

higher pixel accurag, this will automaticallyenhancehe
imagequality of our algorithm. Although visible artifacts
areremarkablysmall, somecanbe seenin Fig. 9c for an
examplewith aneffective accurag of 7 bits.

By usingthe accumulatiorbuffer, theseartifactscanbe
reducedsothatthey arebarelyvisible (seeFig. 9d). Be-
causethe frame buffer hasto be combinedwith the accu-
mulationbuffer for every planedrawn, its usability strongly
depend®n graphicspipesthat provide hardwarebasedac-
cumulationbufferslike SGI's Infinite Reality system. Ad-
ditionally, off-screernrenderingusingSGl's P-buffer exten-
sionis currentlynot possiblewith this approach.

4.3 Examplesand Results

We testedour implementationwith several data sets.
Two of themarecavity flow datasets,givenon a full grid
of level 6, i.e. 65° nodes. Thesedatasetsare the resultof
a numericalflow simulationandcontainpressurendtem-
peraturedistributionsof the flow. Thethird dataset,given
onafull grid of level 8 (2578 nodes),containsa spherical
harmonic(Legendres function), which displaysa solution
of the Schibdingerequationof a hydrogenatom. In addi-
tion, we usedan analytictestfunction anda discontinuous
onefor consideringnterpolationquality.



a Combination technique. b Full grid.

Figure 10. Iso-surface of temperature in a cavity flow.

Figures9ato 9d shav X-ray imagesof the pressureval-
uesin the mentionedcavity flow. Theseimageshave been
renderedn orderto revealdifferencedbetweerthefour im-
plementednterpolationalgorithms.In the OpenGLimage
renderedvithoutusingtheaccumulatiorbuffer, smallflaws
canbedetectedwhereaghe othersparsegrid methodsen-
dernearlyidenticalimages.

In the otherfigures,sparseandfull grid resultsarecom-
paredusingdifferentlighting modelsanddatasets.Thetwo
imagesn Fig. 10 displayiso-suricesof thetemperaturén
the cavity flow dataset. In Figs.11laand12a,the pressure
of thesamedatasetis visualizedby meansf themaximum
intensityprojectionlighting model. In furthermaximumin-
tensityprojectionimages(seeFigs. 11band12b),the data
setof a sphericalharmonicfunction is visualized. Then,
thetemperaturelistributionin the cavity flow is depictedn
Figs.11cand12cby usinganX-ray lighting model.Finally,
Figs.13ato 14cshaw thatthe smoothnessf extractediso-
surfacesdepend®ntheusedgrid level.

Consideringthe performanceof our volume visualiza-
tion programwe find thatthetime consumptiorof the X-ray
and maximumintensity projectionalgorithmsis datainde-
pendentand exactly the same while iso-surficerendering
takesabouttwo timesaslong asthe othermethods.More-
over, thetotal time of theiso-suricecomputatiordepends
onthesizeof the extractedsurface.

We testedour implementatioron several Silicon Graph-
ics workstationsrangingfrom the O2 to an Onyx with Re-
alityEnginell and a BaseRealitypipes. Sincethe O2 sys-
temsdo not have hardwarebased3D texture support,only
the software basednterpolationschemesanbe usedin a
sensiblewvay onthesemachinesWe realizedthatrendering
timesof both softwareimplementationsapproximatelyin-
creaseby afactorof 1.4 every time the usedlevel risesby
one,whereaghe measuredimesof thehardwarebasedm-
plementatiorincreaseby afactorof 1.2 . Thespeedof the
interpolationonfull gridsdoesnotdependntheusedevel,
asanticipated Thecombinatiortechniquds betweerseven
andtentimesfasterthanthe sparsagrid algorithm. Further
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aMIP image of
pressure distri-
bution.

b MIP image of a
hydrogen atom.

¢ X-ray image of
temperature
distribution.

Figure 11. Images calculated on a sparse grid.

a MIP image of
pressure distri-
bution.

b MIP image of a
hydrogen atom.

¢ X-ray image of
temperature
distribution.

Figure 12. For comparison: Images calculated on a
full grid.

more,the OpenGLhardwaremethodis betweer?5 and60
timesfasterthanthe softwarecombinationtechnique.This
resultsin a speedup factorbetween200 and450 from the
sparseagrid to the hardware basedmethod. Hence,we are
able to perform volume visualizationon sparsegrids in-
teractiely exploiting the texture hardwarefor acceleration
purposes.

The combinationtechniquerequiresaboutfour to five
timesthe memoryof the actualsparsegrid algorithmsince
someof the needednodesare storedseveral times. The
OpenGL version of the combinationmethodsconsumes
abouttwo anda half timesthe memoryof the softwarever-
sion, becauseeachof the usedtextureshasto have dimen-
sionsthatcanbewritten astwo to thei-th power. Neverthe-
less,comparedvith the original full grid dataset,bothim-
plementation®f the combinationtechniquerequirea neg-
ligible amountof memory

5. Conclusion

We have presentedparsegridsasa competingapproach
for the compactrepresentatiorof three-dimensionatiata
setsby meansof hierarchicalbasisfunctions. We have in-
troducedwo importantvisualizationmethodsparticletrac-
ing andvolumeray castingworking onthe sparsegrid rep-
resentation.They allow to carry out flow and volume vi-
sualizationdirectly on the resultsfrom a numericalsparse



a Level 4. b Level 6. c Full grid.

Figure 13. Iso-surface of a discontinuous test data set
given on a sparse grid and on a full grid for comparison.

a Level 4. b Level 6. c Full grid.

Figure 14. Iso-surface of an analytical function given
on a sparse grid and on a full grid for comparison.

grid simulationwithout prior transformatiorto the associ-
atedfull grids. This is animportantstepfor the broader
applicationof the sparsegrid method,sincein real appli-

cationsit is oftenimpossibleto loadfull gridsof morethan

5128 nodesinto themainmemoryof aworkstationfor visu-

alization purposes.Furthermorethe sparsegrid approach
can be usedas a compressiommethodin orderto realize
volumerenderingof hugeregulardatasetson workstations
with a smallamountof mainmemory

Technically we have presentedeseralmethodgo accel-
eratethe sparsagrid interpolationprocessFor particletrac-
ing, we have implementedadaptve sparsegrids with error
monitoring and the combinationtechnique. By usingtex-
ture graphicshardware,we have beenableto overcomethe
tardinesof sparsegrid interpolationin the caseof volume
visualization. Therefore|t is possibleto useflow andvol-
umevisualizationon sparsegrids interactively, in contrast
to othercompressiorapproaches.

Comparedto the well-known wavelet compressior6,
8], we canstateadvantagesand disadwantages.The main
benefit of the wavelet compressionis the fact that the
waveletdecompositioris datadependentwvhich meanghat
theresultingcompressiotis by itself adaptedo theunderly-
ing dataset. Comparingthe decompositiorprocesswve find
the wavelet decompositionbeing comparatiely difficult,
whereaghe sparsagrid decompositioris conceptuallysim-
ple. Onthe otherhand,the waveletreconstructioris quite
simple,whereaghe sparsegrid reconstructionij.e. thein-
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terpolation s rathercomplicatedandvery time consuming.
However, thebasisfunctionsusedn thecaseof sparsarids
aresosimple(compacsupportandpieceavisetri-linear) that
thetexture hardwarecanperformthereconstructionn con-
nectionwith the combinationmethod.Hence,in the endit

turnsoutthatthehardwareassistedparseyrid volumevisu-

alizationis muchfasterthanvisualizationmethodswvorking

onothercompressedatasets.

We concludethis sectionby describingtwo scenarios
wherethevisualizationprocessantake advantageof sparse
grid methods.First, we assumehat a sparsegrid dataset
resultingfrom a numericalsimulationis given. Then,there
aretwo possibilitiesfor the visualization. The traditional
approachis to interpolatethe datasetonceinto a hugefull
grid dataset(seeTablel). If theresultingfull grid squeezes
into themain memoryof themachine fastfull grid volume
visualizationmethodscanbe performed.In contrastto this,
our strat@y is to usethe OpenGLalgorithmfor gettingthe
first imagesof the datalong beforethe traditionalinterpo-
lation procesawill befinished.If thefull grid datasetdoes
not fit into the main memory a direct sparsegrid visual-
ization methodhasto be performedanyway. As a second
scenariowe assumethat a hugefull grid datasetshould
bevisualized which resultsfrom anumericalsimulationor
from extensive measurementdNow, thesparsegrid method
canbe usedto compresghe hugedatasetsuchthatit will
fit into the main memoryof a workstation. Then,it is pos-
sibleto visualizethe compressedatausingthetechniques
presentedn this paper

6. Futur e Work

Thereareseveral directionsof future work. Concerning
volumevisualization thefirst goalis to implementmoreso-
phisticatedtransferfunctionsand lighting modelsinto our
visualizationprogram,for instancean emission-absorption
model.As asecondyoal,weintendto useOpenGLin order
to acceleratehe surfaceand volumeillumination aswell.
This approachis alreadyusedin caseof volume rende
ing on full grids asdescribedin [24, 29, 30]. As far as
particletracingis concernedadditionalvisualizationtech-
niguescould be implementedn sparsegrids. Feasibledi-
rectionsare texture basedalgorithmsand iconic methods
combinedwith featureextraction. Finally, our sparsegrid
particletracercould be extendedio multi-block datasetsin
the sameway asit hasbeendonein our full grid particle
tracingmodule[13].
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