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Abstract

In this paperwe presenta hierarchical approad for the
deformablesurfacetechnique Thistedhniqueis a threedi-
mensionakxtensionof the snale sggmentatiormethod.\We
useit in the contet of visualizingthreedimensionakcalar
datasets.In contrastto classicalindirectvolumevisualiza-
tion methodsthis reconstructions notbasedon iso-values
but on boundaryinformation derivedfrom discontinuities
in the data. We proposea multilevel adaptivefinite differ-
encesolverwhich geneatesa target surfaceminimizingan
enegy functionalbasedon an internal enegy of the sur
faceandanouterenegyinducedby thegradientof thevol-
ume Themethods attractivefor pre-processingn numeri-
cal simulationor texture mapping Red-geentriangulation
allowsadaptiverefinemenof the mesh.Specialconsidea-
tions helpto preventselfinter-penetation of the surfaces.
We will alsoshowsometechngiuesthatintroducethe hier-
archical aspectnto theinhomayeneityof the partial differ-
ential equation.Theappmad provesto be appropriatefor
data setsthat containa collectionof objectssepaated by
distinctboundaries.Thesekind of data setsoftenoccurin
medicalandtednical tomayraphy aswe will demonstate
in a few examples.

1. Intr oduction

The aim of the presentedechniques to detectbound-
ary structuresn a volumetricdatasetusinga hierarchical
solverfor thedeformablesurfaceproblem.Thoseboundary
structuresareindicatedby large gradientmagnitudes.The
contourmodel that we are going to use, hasbeendevel-
opedin the patternrecognitioncommunityandit is known
asthe snale concepffor thetwo dimensionatase(Kasset
al. [6]). Thesnaleis a curve embeddednto a scalardata
field f definedon R2 that minimizesa potentialenegy,
which consistsof an internaland an external component.

The externalpartis the negative of the gradientmagnitude
V f. Thisattractghesnaleto theboundariesMany consid-
erationsconcerninghis externalforce canbe foundin Co-
henetal. [3]. Internalforcesareintroducedo stabilizethe
convergenceof this method.Theseforcestendto minimize
aweightedsumof thefirst andsecondorderderivativesof
the curve. The externalforcesaccountfor the structureof
thedatawhile theinternalforcesprovide someglobalregu-
larizationpropertiegseealsoNeuenschander{10]).

Firstextensionf this concepto threedimensionsvere
basedn surfaceswith spinetopology whichyieldsathree
dimensionalmodel, whoseprojectioninto animageplane
fits agivenimage(Terzopoulostal. [18]).

An applicationof thisconcepto tomographicatlatasets
hasbeenpresentedby Snelletal. [16]. They segmentbrain
surfacesof MRI scansby deforminganinitial brain atlas,
thatis parameterizedver four individual domains.

In our approachwe are using manifolds of arbitrary
topology This approachs intendedfor visualizationpur-
poses.Specialconsideratiorwill be paidto the generated
trianglesto bewell shapedandto preventselfinterpenetra-
tion of the surface. In orderto apply the finite difference
techniquewe adoptthe local reparameterizatioapproach
proposedy Neuenschwnder10].

An additionalapproachhatusesadaptve refinementor
the surface,hasbeenpresentedby Sardajoeratal. [11]. In
contrasto our goal, they do not useinternalenepgy terms,
but just approximateiso-surbicesfrom scalardatafields.
The displacemenvectorsof the verticesare computedus-
ing a Newton iteration schemewith the correctionvector
projectedon the surfacenormaldirection. As a refinement
criterion an error estimatorbasedon the facesize andthe
remainingdistanceto the target surfaceis used. We will
applyanerrorestimatobasedn thelocal curvatureof the
surfaceinstead.

As anew approactwe will presenta method thattreats
notonly thedifferentialoperatorandthesolutionspacen a
hierarchicamannerbut alsotheright handsideof theequa-
tion. Theideabehindthis techniquds to enlagethebasin



of attractionof theboundarystructuresvhenthediscretiza-
tion of the deformablesurfaceis still on a coarsdevel. As
we will show in the resultsthis leadsto a significiantim-
provementn the corvergenceprocesgor somedatasets.

Thedeformablesurfacetechniquehasbeenappliedhere
to visualizethreedimensionakcalardatasets. For the vi-
sualizationof volumetric datasetstwo main categoriesof
methodsarein use:thedirectandtheindirectvisualization
methods. The direct methodsare mostly basedon varia-
tions of the volumeray-castingechniqug(Kaufmann[7]).
The indirect visualizationmethodsextract geometricob-
jectsfrom the datasetto be visualized. The advantageof
indirect visualizationmethodsis the possibility to recover
relevantsurfacemanifoldsandtheeasef display In conse-
guencehecrucialquestionn indirectvolumevisualization
is how to find meaningfulsurfaces.Up to now mainly iso-
surfaceshave beenusedfor visualizationpurposes.They
areapowerfultool for datasetswith smoothlyvaryingfunc-
tion values aheatflux simulationfor instanceput they turn
out to be problematicin datasetswith large gradients.In
thesekind of datasetsthe boundaryinformationis usually
of interest.Usingtheiso-surficeapproactwould requireto
adjustaniso-valueto obtaina specificboundary which is
notalwayspossible.

The most commoniso-surfice extraction scheme that
is in usetodayis the marchingcubesalgorithm(Lorensen
etal. [9]). Mostresearchin indirectvolumevisualization
hasbeendonein the areaof the acceleratiorof iso-surfice
extractionand decimation.Onepopularacceleratiortech-
nigueis to presortthe cellsaccordingto the valuerangeof
thevolumein orderto eliminatecellsin advancethatdo not
contribute trianglesto the requestedso-surfice (Wilhelm
et. al [21] andShenetal. [15]). Anotheracceleratiortech-
nigueis the decimationof the producedbolygonsin a post
processingtepasdoneby Schroedefl12, 13| or theadap-
tive reductionof the volume dataitself to generatefewer
polygonsmorequickly asit wasdoneby Cignonietal. [2]
or Grosscetal. [5]. ThedeformablesurfaceapproacHalls
into the catagorieof theindirectvisualizationmethods By
emphasizindgpoundarystructuresnsteadf functionvalues,
it providesa differentinsightinto the datasets.

In section2 we introducethe mathematicatonceptof
the deformablesurfaceandits discretization.We first ex-
plain the continuoudormulationof the minimizationprob-
lem. Fromthis formulationwe thenderive the discreterep-
resentatiorof the problem. Theresultingequationexhibits
alinearleft handsideanda non-linearright handside. In
orderto solve this systemwe usea nestedterationscheme,
thatappliesa Gauss-Seidel-typierationto solve theover-
all system.Eachsinglestepwithin this outerloop is eval-
uatedusinga fix-point iteration. This is necessarpecause
of the non-linearinhomogenityon the right handside. A
methodologyto prevent self intrusion of the surface will

alsobe presentechere. Section3 will cover the construc-
tion of a multi-level finite differencesolver, including the
refinementriterion, the refinementboperationandthe effi-
cient constructionof appropriatdinite differenceweights.
This sectionconcludeswith a descriptionof how to treat
theright handside of the usedpartial differentialequation
in a hierarchicaway anda descriptionof how to generate
theintial model.

In Section4 we will shav a few examplesto demon-
stratethe behavior of the algorithmandthe quality of the
generatedneshes.A medicalanda technicalapplication
will alsobe presentedhere. Finally we analyzethe differ-
ent convergencebehaiour of the hierarchicalmethodthat
assumeascaleinvarianteinfluenceof theright handsideof
the equationandthe method,thatalsovariesthe influence
of this partof theequationin a hierarchicalway.

2. Deformable Surfaces

Letthevolumeto beanalyzededescribedy afunction
f: R® = R, andasurfaceby v : @ C R> — R®. Thesur
facev hasto minimizethefollowing functional(Terzopou-

los[17]):
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wherev(® denoteshe i-th componenf v, H(v(?) the
determinanbf the HessiarMatrix of v(¥andP : R® — R

the potentialfield inducedby the volumedataf. The Vv

term denotesa membranderm thattendsto minimize the
surfaceareawhich simulateghebehaior of arubberskin.

Theterm ((Av(9)? — 2H (v(?) denoteghetotal curvature
andsimulatesa thin plate. The coeficient r is a balancing
factor which controlsthe relative influenceof the rubber
skin andthethin plateaspect.Both termsstabilizethe op-

timization process.The externalenegy term P is defined
as:

P(V) = _(wedge ||V(GU * f(V))” + wimagef(v)) ) (l)

whereG, denotesa Gaussiarkernelwith variances. The
kernelis usedto generatea smoothpotentialfield from the
data, which will improve the corvergenceof the iterative
solver. This makesthe approximationof the gradientby
finite differenceanorereliableandenlagesthe regionsof
attractionnearsharpboundariesn thevolumedataset. The
secondpartof thepotentialfield termmaybeusedto detect
regions with high intensity values. The coeficient weqg.
weightstheimpactof the boundaryinfluenceandthe coef-
ficientw;mqg. describeshedirectinfluenceof theintensity
valueof thedataset.



In orderto solve the describedproblemwe derive the
correspondindculerLagrangealifferentialequation

9 opP

TAV — (1 —71)A%v = o 2
wherewe combinedthe three equationscorrespondingo
the partial derivativeswith respecto the component®f v.
This differential equationlacks a well definedsolutionin
theabsencef boundaryconditions.In ourapproactwe use
boundaryconditionsat singularpointsin the beginning of
theiterationprocessConsequentlye donotgetaclassical
but just a weaksolutionto this problem(seeNeunschwan-
der[10]).

We usea finite differencemethodto solwe this weakly
non-lineardifferential equationsystem. The iteration ma-
trix itself would be linear, but we have the non-linearinho-
mogeneityP. Thevaluesv arethe degreesof freedomata
finite setof givenverticesandhave to be computedby the
iterationprocess.

In orderto approximatehis systemof differentialequa-
tions, we needa discreterepresentationf the differential
operatordn termsof divided differences.We are making
useof theUmbrellafunctionU to achieve thisaim (Kobbelt
[8], Neuenschwnder[10] ). The UmbrellafunctionU is
definedasfollows

V)= Y ai-p, @

wherep containsthe coordinatesof the consideredver-
tex and q; are the neighborsin the triangular meshwe
useto representhe surfacewith n beingthe total number
of neighbors(valenceof p). The Umbrellafunction has
beenconstructedlirectly from the differencestarshovn in
Fig. 1. The Umbrellaof p is a discreteapproximationof
the Laplacianif we assumea symmetricparameterization
of theneighborhoof p, i.e we will associat¢headjacent
vertex q; with
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(ui, v;) = (hcos(T),hsin(T)) _ 4)

An approximatiorof the A? Operatorcanbe computedy
therecursve applicationof the Umbrellaoperator

V)= U@ -Ue) . ©)

We assumeheexternalforceto beconstanandcompute
the correctionvectorc for every vertex by iteration. This
way oneapproximates solutionfor thediscreteversionof
)

(U= (1 =1)U?) (P +¢) = VP, (6)

Figure 1. Example diff erence star for the dis-
crete Laplacian operator

wherep,, correspondso the k-th row of the equationsys-
tem. As thefollowing equationsold

Up+te) = Ulp)—ca
U(p+c2) = U’(p)+ac:,
with ) 1
“1+-y = 7
o + - - (")

andn; the valenceof thei-th neighborof q;, we cansolve
equation(6) for ¢ andgetthefollowing representation

c=7v(te1 + (1 —7)ace —VP), (8)

wherethe correctionvectorse; ,c» aredefinedasfollows:

e = (7)) (10)

The coeficienty is adampingfactorthathasto be chosen
smallenoughto guarantedor the cornvergenceof theiter-
ation procedurg(Fix-point theory of Banach). The damp-
ing coeficient is alsofrequentlycalleda viscosityterm,
which is a more physicalinterpretation. The coeficient
alsocontainsafactorthatis someha depeenderintheva-
lenceof theregardednode. This coeficienthoweveris not
computedn the programasthis costsextra computational
time anddoesnot influencethe final resultin a noticeable
way. The explanationof this phenomenoris, that almost
everyvertex hasavalenceof six in thisapplication.

The correctionvectorsare equivalentto the solutions,
thatsatisfythefollowing equations:

(11)

Up+e) = 0
0 (12)

Ul(p+c2) =
Thecorrectedpositionof thevertex p canthenbecomputed
accordingo:

p=p+tc

The appliediterationmethodresultsin factin a Gauss-
Seideliterator without the needto constructthe iteration



matrix explicitly. Since(8) givesrise to a fix-point iter-

ation to computethe solution of one row of the system,
the approximatiorprocedureesultsin two nestedteration
schemes.The outerloop is the Gauss-Seidetchemeand
theinner oneis the approximatve solutionof a non-linear
equation. This contribution is computedusing a fix-point

iterationscheme.

This fix-point iterationshouldbe repeatedsereraltimes
within every step of the Gauss-Seideiteration. But in
our case,we decidedto just perform one single iteration
stepsincethe boundaryconditionsalso changeduring the
Gauss-Seiddteration, thatencapsulatethis fix-point iter-
ation. During eachiterationthe positionsof all verticesare
correctedexactly once,usingthe computectcorrectionvec-
tor.

2.1 Preventing self-intersections

Thedefinitionof the Umbrellafunctionalguaranteefor
a stabletriangulationof the surface,if the geometryof the
meshand of the surfaceto be extractedare alreadyquite
similar. Theonly componenthatmight causeroubleis the
impactof the potentialfunction. As the additionalimpact
vectoris notnecessarilyrthogonato the surfacethetrian-
gular meshmay be distorted. Thigproblemis illustratedin
Fig. 2(c).

The first experimentswere doneusingjust the compo-
nentof the potentialgradientthatpointsinto the direction
of theestimatedurfacenormalatthisvertex assuggestedh
Sardajoerf11]. This approaclpreventedthe surfacefrom
becomingdistorted,whenthe cornvergenceof the iteration
methodwasalreadyalmostachieved. But duringthis con-
versionprocessanotherproblemmight occurasshown in
Fig. 3.

We suggestnapproactwhich first computeghe scalar
productof the potentialgradientwith the correctionvec-
tor, thatemepgesfrom the Umbrellafunction. If the result
is positive, the direction of this correctionvectoris used,
otherwisethe estimatedsurfacenormalwill designatehe
direction of correction. By usingthe Umbrellavectorthe
anomalyasshawn in Fig. 3 is avoided, on the otherhand
usingtheumbrellavectorevenif theresultingscalamproduct
is negative, existinganomaliesvould becomesvenstronger
andwould possiblyleadto selfintrusion.In this caseanav-
eragechormalvectorof theborderingtrianglesappearedo
be morestable. A resultingtrianglemeshfor the sameex-
ampleasin Fig. 2(c)is shovn in Fig. 2(d). In thisimage
we have alreadyusedan adaptve triangulator that will be
describedn section3.

(a) Shadedself intersecting (b) Shadechonselfintersect-
surface ing surface
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(c) Selfintersectingurface (d) Surfacewithoutselfinter
section

Figure 2. The problem of self inter secting sur-
faces

3. Hierar chical Approximation

Themultilevel approacHor discretizingpartialdifferen-
tial equationdasespeciallypecomepopularin thefinite el-
ementtommunitythelastfew years(seeBank[1]). Besides
theability to accelerat¢henumericakolution,wealsowant
to automatethe decisionaboutthe discretizationgranulas
ity. The approacHirst computeghe low frequeng contri-
bution of the final solutionon the coarsegrid. The higher
frequeng contritutionsareaddedateron duringthe com-

target surface

Figure 3. The problem of using the normal
vector direction during the iteration process



putationon thefiner grids.

In this paperwe are using the main ideasof the multi
level approachor the generatiorof thefinal surface. The
firstiterationsaredoneon a coarsegrid, thatis thenrefined
at positionsindicatedby alocal errorestimator Theinitial
surfacefor theiterationprocesds generatedisinga semi-
automationodelingtool, whichwill bedescribedriefly in
thenext sub-sectionA specialtriangulationmethodavoids
T-verticesin the new generatedyrid. The initial valueson
the finer grid are computedfrom the coarsergrid usinga
subdvision-scheme.The weightsfor the finite difference
operatorg3), (5) areconstructe@ccordingo thelocal con-
nectity.

In orderto implementalocal refinemenstratey acrite-
rion for decidingwhereto refinethe meshis required.The
standardapproachusedis to constructan error estimator
eitherbasedon higherorderbasisfunctions(p-method)or
temporarylocal refinemeni{h-method)seeVerfirth [20]).
We have decidedto usethe influenceof the inner forces
duringthelastiterationassomekind of local errorestima-
tor to avoid computationabverhead.We stopthe iteration
andinitiate meshrefinementjf the averagecorrectiondur-
ing the last Gauss-Seideaterationhasbecomevery small.
If thereis ahighimpactof theinnerforces(localdistortion)
on a particularvertex during the last iteration, this gener
ally meanghattherealsois a strongcontourforceimplied
by thepotentialfield, whichis approximateljthe samesize
andcompensatetheinnerforce (actio=reactio).Thisis an
indicationthatfiner detailis presenin theneighborhooaf
thatvertex. A triangleis markedfor refinementif theaver-
ageindicatorvalueof its verticess abovea giventhreshold.
In Fig. 4 the resultof anadaptvely anduniformly refined
surfaceis shovn. Therefinementoncentrates regionsof
high curvature.

The local meshrefinementis performedusing a red-
greentriangulator which especiallyavoids the problemof
T-vertices(seeVerfurth [20]). This triangulationmethod
consistsof two differentrefinementrules. The red refine-
mentrule subdvidesatriangleinto four sub-trianglesThis
rule is appliedto triangles,that have beenmarked by the
local error estimator The greenrefinementrule is applied
to triangles,thatare next to the triangleswhich arered re-
fined. Thegreenrefinedtrianglesaredividedinto two sub-
trianglesto avoid the T-vertex (seeFig. 5). In orderto con-
trol the aspectatio of thetriangulationgreenrefinedtrian-
glesmustnotberefinedagain.If agreentriangleis marked
for refinementthe green-cuis undoneanda completered-
cutis performednstead.Thisapproachs relatedto theone
describedn Vasilesctet. al. [19].

On the irregularly refined grid, the finite difference
schemehasto be adaptedasthe underlyingparameteriza-
tion canno longerbeassumedo be symmetric(seeeq. 4).
If no specialcareis taken especiallyfor the verticescon-

(a) Shadedsurfaceof uniform (b) Shadedsurface of adap-
refinement tive refinement
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(c) Uniform refinement (d) Adaptive refinement

Figure 4. Uniform vs. adaptive mesh refine-
ment

nectingaredandgreenrefinedtriangle,they would tendto
drift, andwould severelydistorttheadjacentriangles.The
weightsof avertex whichis separating@redandagreentri-
anglearethereforeadjustecasproposedn Fig. 6(a). These
weightscanbe computedby differentiatingthe interpolat-
ing polynomials,asit is traditionally donein the construc-
tion of divideddifferenceoperatorgseeSchwarz[14]).
Also specialconsiderationfiave to be madefor the op-

green

green

Figure 5. Red and Green refinement



Figure 7. Labelization of the vertices
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Table 1. Look up table for the interpolation
coefficients

positecornerof a greenrefinedtriangle,to keepthe differ-
encescheméalancedIn thiscasewe have decidedo give
thisformerT-vertex aweightof zero(seeFig. 6(b)). Thisis
necessaryo avoid theinfluenceof thefinerresohedcell to

thecoarseoneandto keepthedifferenceschemébalanced.

In generalnon-symmetridJmbrellamasksbecomeneces-
sary if the neighboringverticesarenot all from the same
generation.

The decisionwhich maskof weightsto chooseduring
the calculationcanbe easilydoneby labelingthe vertices.
In theinitial meshall verticesarelabeledN. If atriangle
is refinedred, all new verticesarealsolabeledN. If atri-
angleis refinedgreenthenewly generatedertexis labeled
M, theverticesthatareon the sameedgeof this vertex are
labeledC andthevertex, thatis on the oppositesite of the
triangleis labeledD (seeFig. 7).

The resultingweightscanthenbe determinedisingthe
look up tablel. Thistableallows to correctlyhandlemost
cases For the sale of efficiengy, we ignoresomerarespe-
cial casesf cascadingefinementevel boundaries. This
doesnot effecttheresultingmeshsignificantly

In consequencef this generalizatiorof the Umbrella

-1/16 1/8 -1/16
BV
1/2 1/2
N
-1/16 1/8 -1/16

new vertex

Q old vertex .

Figure 8. Butterfly subdivision scheme

functionalthe equation(3), which representshe Umbrella
functional,now becomeghenon-uniformUmbrella

1
U(p) = Zw szql i

wherew; aretheweightsaccordingto the modifieddiffer-
enceschemesEquationg5) and(7) changeaccordingly

To reflectthe differenttrianglesizesin the parametriza-
tion domain, triangles from different subdvision levels
shouldalso have differentdifferentiationweights. If one
analyseghe Gauss-Seiddteration schemepnefinds out,
that ignoring this subjecteffectively resultsin a overem-
phasisof the volume gradientinfluence. However asthe
smallertrianglesareassumedo fit to regionsof highercur-
vaturethisis justified.

The positionof the new verticesareinsertedaccording
to the subdvision schemeshavn in Fig. 8, which hasbeen
proposedn Dyn etal. [4]. Thisschemdendsto generate
smoothsurface.Thebutterfly subdvision stepis appliedas
a prolongationoperatoythatgenerallygeneratebetterini-
tial valuesthansimplelinearinterpolation.Thefinal vertex
positionis computedy theiterative solver.

3.1 Hierar chical Analysis of the Volume Gradient

In orderto optimizethe corvergencebehaior of thesur
facein somecasesthe analysisof the gradientvolumeis
alsodonein ahierarchicamanner Thebasicideaof multi-
level methodsis, that the solutionat the coarseresolution



(a) Differentiation weights for type M (b) Differentiationweightsfor type D ver (c) Differentiationweightsfor type C ver
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Figure 6. The diff erentiation weights in the case of the irregular refined cells

level reflectsthe low frequeny componenbf the final so-
lution. Thefiner frequeny partsareaddedater on during
thesubdvision process.

Due to the fact, thatonly low frequeng informationis
reflectedn the solutionat a coarsefevel it makessensdo
increasethe variancein the convolution kernelin equation
(1). Thesizeof the corvolution kernelis alsoincreasedo
maintainnumericalaccuragy.

Fig. 9 shaws a sketch of the situation with a sharp
boundarystructureand several gradientmagnitudesesti-
matedwith differentconvolution kernelsof increasingvari-
ance.Onecanclearlysee thatthe basinof attractionof the
boundarystructureenlageswith increasingvariance. On
the other hand, the detail informationin the datasetgets
lost, asvarianceand the size of the corvolution kernelis
increased.

Thevarianceandthe supportof thecorvolutionkernelis
maximalwhenthe iterationprocessegins andis bisected
ateachsubdvision step. During thefirst iterationsa rough
positioningof the initial surfaceis accomplishecand dur-
ing furtheriterationsanexactpositioningwith smallervari-
ancesandmore high frequeng informationof the volume
canbe performed.Thereductionof thevarianceandof the
sizeof the corvolution kernelby 50% stepshave beencho-
sen,asthelengthof atriangleedgeis alsobisectedduring
this process.

Theinitial sizeandthevariancefor the corvolutionker
nel is estimatedby the spatialextend of the volume. We
chooseaninitial varianceandsupportas1/6 of theaverage

A

f+reey, "

= Original function —— gradient magnitude low variance
oe¢ gradient magnitude middle variance
+++ Qradient magnitude high variance

Figure 9. Application of diff erent variances

dimensionextension.

In orderto keepthe compleity of thecomputatiorof the
convolution at a reasonabléevel, the gradientis estimated
usingonedimensionafilters only. This is lessstablethan
the applicationof threedimensionafilters, but alsomuch
lesscomputeintensize, asthe amountof operationsieeded
alsojustincreasedinearly with the extensionof the corvo-
lution kernel.



3.2 Generationof the Initial Surface

In orderto apply the deformablesurfacealgorithm, an
initial surfacewith a coarsetriangulationhasto be defined
first. This surfacehasto bein the neighborhoodf the fi-
nal destinatiorsurface. First the userselectssomebound-
ary points using a slicing tool, thatis shawvn in Fig. 10.
The selectedverticesarethanconnectedisinga Delaunay
tetrahedrizationIn orderto modelnon-corvex structures,
tetrahedranay be deletedby the userin a postprocessing
step. The deletionof tetrahedras doneagainby picking
into the slicing view to deleteindividual tetrahedra. The
positionsof thetetrahedrareindicatedby color. Thistech-
nigueis relatedto the modelerpresentedn Neuenschan-
der[10], exceptfor the fact, that Neuenschwnderdeletes
the tetrahedran the threedimensionabkurfaceview, with-
outtheability to controlthe correctnesi theslicing view.
If the useris finally satisfiedwith the result,the outersur
faceof thetetrahedratomplex is usedasaninitial surface.

4. Results

We have appliedthe deformablesurface algorithm to
medicaland technicaldatasetsas shavn in Fig 11. By
modelingdifferentinitial meshedifferentstructuresmay
be extractedfrom the samedataset. Thethreepartsof the
engineblockareextractedfrom thesamedataset. Thedeci-
sion,which structurehasto bevisualizedis doneby editing
theinitial surfaceappropriately The surfacetendsto drift
towardsthe closestoundarywith respecto its startingpo-
sition.

We have implementedhis algorithmin C++ usingthe
Openlnventorlibrary asa meansof displayingthe gener
atedsurfaces. This providesthe possibility to tunethe pa-
rametergduring the iteration processandthe possibility to
generatean Inventorfile descriptionof the generatedur
facethatmaybeusedateron.

As a performanceesultwe have measured .4 seconds
for aniterationwith 12288 trianglesand5.9 seconddor a
surfacewith 49152 triangles. Thesetimeshave beenmea-
suresona175MHz R10000SGI O2. It is difficult to give
anestimatiorfor the overall constructiorof acompletesur
faceasthecomputatiortimeis influencedoy therequested
quality. The finer the subdvision is done,the moretime
is required. The overall time also dependson the quality
of the surfaceto be approximatedasdifferentsurfacesre-
quirea differentamountof iterations.As arule of athumb
it cansaidthatabout40 iterationsareappropriatebetween
two sub-dvision steps.In lower resolutiongherearefewer
andin higherresolutionsthereare more iterationsneces-
saryasfiner detailsareaddedto the surface. The sgmen-
tation of the brain took abouthalf an hour including user
interactionto adoptthe parameterof the iterative solver

during the computation.Processindghe engineblock took
about20 minutes. The requiredtime is not comparablgo
the performanceof the marchingcubesalgorithm and its
variations howeverin generathesesurfacescannotbe ex-
tractedby aniso-surficealgorithm. This is especiallytrue
for the extractionof the brain surfaceof the MRI scan.An
iso-surbceextractionalgorithmlike marchingcubesgen-
eratesurfacesthatindicatea distinctvaluewithin the data
setanddoesnot represenboundaryinformation,which is
usuallyof higherinterestin datasets thatrepresentertain
objects.Theintensityvaluesmaydiffer alongaboundaryin
the algorithmpresentedhere,which doesnot influencethe
appearancastheiso-surbceapproachwould. In contrast
to theiso-surficeapproactour algorithmtendsto generate
smoothsurfaceswhicharetolerantto smalldisturbance
theanalyzedlataset. An iso-surficeextractionalgorithmis
notableto isolatesingleconnecteabjectsasour algorithm
does.

The last two imagesshov a comparisonof the gener
atedtriangularmeshof the marchingcubesalgorithmand
the enegy minimizationapproach.Theiso-valuehasbeen
adjustedo show the skin surfaceof the MRI-scan.For the
deformablesurfaceapproachthe initial surfacehasbeen
wrappedaroundthe head.Our algorithmgeneratesa much
more regular triangulationthan the marchingcubesdoes,
whatmakesthistechniqueespeciallyinterestingor texture-
mappingandnumericalapplicationsin Fig. 11(f) anadap-
tive triangulationof a cube side is shovn. This image
clearly shaws the stability of the triangulation,especially
atthebordersof redandgreenrefinedtriangles.

As arule of thethumbwe figuredout, thatthe damping
factory shouldbe about0.05 — 0.1. This dampingfactor
influencegshestepsizeduringtheiteration. A smallervalue
reduceshe corvergenceate. If thevalueis too hightheit-
erationschemebehaesunstableasthe Lipschitz constant
of the iterationschemses no longersmallerthanone. The
factorr shouldbearoundd.05— 0.2, butthealgorithmdoes
not behae sensitve with respecto changeof the param-
eters. If the factorr is zero, thenthe surfacesimulatesa
purethin plate,thattendsto minimize surfacecurvature.If
T is one, this approachsimulatesa pure rubberskin, that
tendsto minimize the areaof the surface. Any othervalue
simulatesa mixture of thesetwo aspects.

In fig. 12 we have shovn a comparisorof the corver-
genceprocesswithout and with the adaptionof the right
handsideof the equation.In this examplewe have applied
the cubic dataset, that hasvaluesof onein a small cubic
areain thecenterandavalueof zerooutsidethisregion. As
aninitial surfacefor theconvergenceprocesa cubesurface
is defined,that encloseghe whole extend of the dataset.
This surfaceis shovnin imagel2(a).

Theimageseries12(b),12(c)and12(d) shavs the con-
vergenceproces®f thedescribedurfacewith anonchang-
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ing varianceand constantsize of corvolution kernel. The
first image shavs the surface after two subdvision steps,
the secondone shaws the imageafter three stepsand the
lastoneafterfour. The problemof the relative small con-
volution kernelandthe low variancebecomesobvious in

this seriesof images.Thesurfaceshrinksvery slowly atthe
beginning of theiterationprocessandfinally startslocking

onto the boundarystructureof the cube. This canbe seen
atthesingularityin image12(d). Thislocking processap-
pensquite late and it needsstill mary more iterationsto

approximatethe boundarystructureunderdiscussioncor-

rectly.

Theseconderienfimagesl2(e),12(f)and12(g)shavs
thecorvermgenceprocessvith thesuccessiely reducedrari-
anceandthesizeof thecornvolutionkernel.Onecanclearly
seethatthe shapeof the cubeis approximatednuchfaster
thanin the processwheretheright handside of the equa-
tionis notadopted.

Thepresentediatasetis particularlysuitedfor theadap-
tive changeof the corvolution kernelandthe variance,as
thereis justonesharpsingularityin this dataset. Thelarger
varianceatthebeginningof theiterationprocessttractghe
surfaceto the boundarystructure. The convolution kernel
generategradientinformationin thehomogeneousegions
of the datasetespeciallyat the beginning of the iteration
process.This is not the casefor the smallervarianceand
convolutionkernelsin thefirst seriesof images.In thiscase
theinitial shrinkingprocesss purely basedon the internal
enegy terms.

However notall datasetsaresuitedfor this kind of hier-
archicaimethodsThisis especiallytruefor datasetswhere
localminimaof theoverallenegy functionaresearchedor.
If thereis aweakboundarystructurerathercloseto a strong

one, it canonly be extractedusing the non-adaptre tech-
niguefor theright handside. If theinitial surfaceis posi-

tionedrathercloseto this boundarystructureit is attracted
by it if the size of the corvolution kernelandthe variance
is keptminimal from the beginning. But if the hierarchical
approachor theinhomogeneityvould be usedinsteadthe

surfacewould becomeattractedby the strongerboundary
structurewhichis furtheraway thanthewealerone. Thisis

causedy thelower pasdilter thatis appliedhere.

5. Conclusionsand Future Work

In thispapemwe have presente@new indirectvolumevi-
sualizatiormethod thatis basedn the deformablesurface
approach We have describechow to constructan adaptve
multi-level finite differencesolveranddemonstratetheap-
plicability for medicalandtechnicaldatasets. This visual-
ization methodis a generalapproachsuitablefor a great
variety of scalardatasets thatcontainboundaries.

As futurework we planto usethe generatedurfacesor
texture mappingand parameterizatiopurposes.First ex-
perimentdave alsoshavn theeaseof corvertingthelnven-
tor descriptionto a VRML description,which might offer
the possibilityof webbasedapplicationgor this method.
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(a) Engineblock (b) Exhaustof engine (c) Engineconfiguration

(d) Brainof MRI scan (e) Brain seenfrom belov (f) Adaptive triangulation
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Figure 11. Applications of the energy minimizing surface algorithm
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(a) Startsurface

(b) Two subdvisions with constantvari- (c) Threesubdvisionswith constantvari- (d) Four subdvisions with constantvari-
ance ance ance

(e) Two subdvisions with adaptve vari- (f) Threesubdvisionswith adaptve vari- (g) Four subdvisionswith adaptve vari-

ance ance ance

Figure 12. Comparision of the two adaptive techniques (scaling increasing from left to right)
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