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Abstract

In this paperwepresenta hierarchical approach for the
deformablesurfacetechnique. Thistechniqueis a threedi-
mensionalextensionof thesnake segmentationmethod.We
useit in thecontext of visualizingthreedimensionalscalar
datasets.In contrastto classicalindirectvolumevisualiza-
tion methods,this reconstructionis notbasedon iso-values
but on boundaryinformationderivedfrom discontinuities
in thedata. We proposea multilevel adaptivefinite differ-
encesolver, which generatesa targetsurfaceminimizingan
energy functionalbasedon an internal energy of the sur-
faceandanouterenergyinducedbythegradientof thevol-
ume. Themethodis attractivefor pre-processingin numeri-
cal simulationor texturemapping. Red-greentriangulation
allowsadaptiverefinementof themesh.Specialconsidera-
tions help to preventself inter-penetration of the surfaces.
We will alsoshowsometechnqiues,that introducethehier-
archical aspectinto theinhomogeneityof thepartial differ-
entialequation.Theapproach provesto beappropriatefor
data setsthat containa collectionof objectsseparatedby
distinctboundaries.Thesekind of datasetsoftenoccur in
medicalandtechnical tomography, aswewill demonstrate
in a few examples.

1. Intr oduction

The aim of the presentedtechniqueis to detectbound-
ary structuresin a volumetricdatasetusinga hierarchical
solverfor thedeformablesurfaceproblem.Thoseboundary
structuresareindicatedby largegradientmagnitudes.The
contourmodel that we are going to use,hasbeendevel-
opedin thepatternrecognitioncommunityandit is known
asthesnake conceptfor thetwo dimensionalcase(Kasset
al. [6]). Thesnake is a curve embeddedinto a scalardata
field � definedon ��� that minimizesa potentialenergy,
which consistsof an internaland an externalcomponent.

Theexternalpart is thenegative of thegradientmagnitude� � . Thisattractsthesnaketo theboundaries.Many consid-
erationsconcerningthis externalforcecanbefoundin Co-
henet al. [3]. Internalforcesareintroducedto stabilizethe
convergenceof thismethod.Theseforcestendto minimize
a weightedsumof thefirst andsecondorderderivativesof
thecurve. Theexternalforcesaccountfor thestructureof
thedatawhile theinternalforcesprovidesomeglobalregu-
larizationproperties(seealsoNeuenschwander[10]).

Firstextensionsof thisconceptto threedimensionswere
basedonsurfaceswith spinetopology, whichyieldsa three
dimensionalmodel,whoseprojectioninto an imageplane
fits a givenimage(Terzopoulosetal. [18]).

An applicationof thisconceptto tomographicaldatasets
hasbeenpresentedby Snelletal. [16]. They segmentbrain
surfacesof MRI scansby deformingan initial brain atlas,
thatis parameterizedover four individualdomains.

In our approachwe are using manifolds of arbitrary
topology. This approachis intendedfor visualizationpur-
poses.Specialconsiderationwill be paid to the generated
trianglesto bewell shapedandto preventself interpenetra-
tion of the surface. In order to apply the finite difference
technique,we adoptthe local reparameterizationapproach
proposedby Neuenschwander[10].

An additionalapproachthatusesadaptiverefinementfor
thesurface,hasbeenpresentedby Sardajoenat al. [11]. In
contrastto our goal, they do not useinternalenergy terms,
but just approximateiso-surfacesfrom scalardatafields.
Thedisplacementvectorsof theverticesarecomputedus-
ing a Newton iterationschemewith the correctionvector
projectedon thesurfacenormaldirection. As a refinement
criterion an error estimatorbasedon the facesizeandthe
remainingdistanceto the target surfaceis used. We will
applyanerrorestimatorbasedon thelocal curvatureof the
surfaceinstead.

As a new approachwe will presenta method,thattreats
notonly thedifferentialoperatorsandthesolutionspacein a
hierarchicalmanner, butalsotherighthandsideof theequa-
tion. Theideabehindthis techniqueis to enlargethebasin



of attractionof theboundarystructureswhenthediscretiza-
tion of thedeformablesurfaceis still on a coarselevel. As
we will show in the resultsthis leadsto a significiant im-
provementin theconvergenceprocessfor somedatasets.

Thedeformablesurfacetechniquehasbeenappliedhere
to visualizethreedimensionalscalardatasets.For the vi-
sualizationof volumetricdatasetstwo main categoriesof
methodsarein use:thedirectandtheindirectvisualization
methods. The direct methodsare mostly basedon varia-
tionsof thevolumeray-castingtechnique(Kaufmann[7]).
The indirect visualizationmethodsextract geometricob-
jectsfrom the datasetto be visualized. The advantageof
indirect visualizationmethodsis the possibility to recover
relevantsurfacemanifoldsandtheeaseof display. In conse-
quencethecrucialquestionin indirectvolumevisualization
is how to find meaningfulsurfaces.Up to now mainly iso-
surfaceshave beenusedfor visualizationpurposes.They
areapowerful tool for datasetswith smoothlyvaryingfunc-
tion values,aheatflux simulationfor instance,but they turn
out to be problematicin datasetswith largegradients.In
thesekind of datasetstheboundaryinformationis usually
of interest.Usingtheiso-surfaceapproachwouldrequireto
adjustan iso-valueto obtaina specificboundary, which is
notalwayspossible.

The most commoniso-surfaceextraction scheme,that
is in usetodayis themarchingcubesalgorithm(Lorensen
et al. [9]). Most researchin indirect volumevisualization
hasbeendonein theareaof theaccelerationof iso-surface
extractionanddecimation.Onepopularaccelerationtech-
niqueis to presortthecellsaccordingto thevaluerangeof
thevolumein orderto eliminatecellsin advance,thatdonot
contribute trianglesto the requestediso-surface(Wilhelm
et. al [21] andShenetal. [15]). Anotheraccelerationtech-
niqueis thedecimationof theproducedpolygonsin a post
processingstepasdoneby Schroeder[12, 13] or theadap-
tive reductionof the volumedataitself to generatefewer
polygonsmorequickly asit wasdoneby Cignoniet al. [2]
or Grossoet al. [5]. Thedeformablesurfaceapproachfalls
into thecatagorieof theindirectvisualizationmethods.By
emphasizingboundarystructuresinsteadof functionvalues,
it providesa differentinsightinto thedatasets.

In section2 we introducethe mathematicalconceptof
the deformablesurfaceandits discretization.We first ex-
plain thecontinuousformulationof theminimizationprob-
lem. Fromthis formulationwe thenderive thediscreterep-
resentationof theproblem.Theresultingequationexhibits
a linear left handsideanda non-linearright handside. In
orderto solvethissystemweuseanestediterationscheme,
thatappliesa Gauss-Seidel-typeiterationto solve theover-
all system.Eachsinglestepwithin this outerloop is eval-
uatedusinga fix-point iteration. This is necessarybecause
of the non-linearinhomogenityon the right handside. A
methodologyto prevent self intrusion of the surfacewill

alsobe presentedhere. Section3 will cover the construc-
tion of a multi-level finite differencesolver, including the
refinementcriterion, the refinementoperationandtheeffi-
cient constructionof appropriatefinite differenceweights.
This sectionconcludeswith a descriptionof how to treat
the right handsideof theusedpartial differentialequation
in a hierarchicalway anda descriptionof how to generate
theintial model.

In Section4 we will show a few examplesto demon-
stratethe behavior of the algorithmandthe quality of the
generatedmeshes.A medicalanda technicalapplication
will alsobepresentedthere.Finally we analyzethediffer-
ent convergencebehaviour of the hierarchicalmethodthat
assumesascaleinvarianteinfluenceof therighthandsideof
theequationandthemethod,thatalsovariesthe influence
of thispartof theequationin a hierarchicalway.

2. Deformable Surfaces

Let thevolumeto beanalyzedbedescribedby afunction���
	���
�	 , anda surfaceby ��������	���
�	�� . Thesur-
face� hasto minimizethefollowing functional(Terzopou-
los [17]):��� �� ���! #"%$'& � �)(

��*,+
�.- &0/213$

+ &4&65 �)(
��*7+
� 198;:<& �=(

�>*,+4+0?
-#@ & �

+BA
C

�D

where � (
�>*

denotesthe E -th componentof � ,
:<& � (

�>* +
the

determinantof theHessianMatrix of � (
�>*

and @ �F	 � 
G	
thepotentialfield inducedby the volumedata � . The
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term denotesa membraneterm that tendsto minimize the
surfacearea,whichsimulatesthebehavior of a rubberskin.
Theterm
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andsimulatesa thin plate. Thecoefficient
$

is a balancing
factor, which controlsthe relative influenceof the rubber
skin andthe thin plateaspect.Both termsstabilizetheop-
timizationprocess.Theexternalenergy term @ is defined
as:@ & �
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where
T U

denotesa Gaussiankernelwith variance] . The
kernelis usedto generatea smoothpotentialfield from the
data,which will improve the convergenceof the iterative
solver. This makes the approximationof the gradientby
finite differencesmorereliableandenlargesthe regionsof
attractionnearsharpboundariesin thevolumedataset.The
secondpartof thepotentialfield termmaybeusedto detect
regionswith high intensityvalues. The coefficient

LON0P7QRN
weightstheimpactof theboundaryinfluenceandthecoef-
ficient

L ��XZY Q[N
describesthedirectinfluenceof theintensity

valueof thedataset.
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In order to solve the describedproblemwe derive the
correspondingEuler-Lagrangedifferentialequation$^5 � 1_&0/213$

+ 5 � �
Ia` @` �

\
(2)

wherewe combinedthe threeequationscorrespondingto
thepartialderivativeswith respectto thecomponentsof � .
This differentialequationlacksa well definedsolution in
theabsenceof boundaryconditions.In ourapproachweuse
boundaryconditionsat singularpointsin the beginningof
theiterationprocess.Consequentlywedonotgetaclassical
but just a weaksolutionto this problem(seeNeunschwan-
der[10]).

We usea finite differencemethodto solve this weakly
non-lineardifferentialequationsystem. The iterationma-
trix itself would belinear, but we have thenon-linearinho-
mogeneity@ . Thevalues� arethedegreesof freedomata
finite setof givenverticesandhave to becomputedby the
iterationprocess.

In orderto approximatethis systemof differentialequa-
tions, we needa discreterepresentationof the differential
operatorsin termsof divided differences.We aremaking
useof theUmbrellafunction b to achievethisaim(Kobbelt
[8], Neuenschwander[10] ). The Umbrellafunction b is
definedasfollows

b &Mc
+
�
I /d �^�fe � 13c

\
(3)

where
c

containsthe coordinatesof the consideredver-
tex and

e �
are the neighborsin the triangular meshwe

useto representthe surfacewith d beingthe total number
of neighbors(valenceof

c
). The Umbrella function has

beenconstructeddirectly from thedifferencestarshown in
Fig. 1. The Umbrellaof

c
is a discreteapproximationof

the Laplacianif we assumea symmetricparameterization
of theneighborhoodof

c
, i.e wewill associatetheadjacent

vertex
e �

with&Mg � \4h � +=IjilkOmRn
o & 8qp Ed
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+utwv
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An approximationof the
5 � Operatorcanbecomputedby

therecursiveapplicationof theUmbrellaoperator

b � &Mc
+
�
I /d � � b & eBx

+ 1 b &yc
+zv

(5)

Weassumetheexternalforceto beconstantandcompute
the correctionvector { for every vertex by iteration. This
wayoneapproximatesa solutionfor thediscreteversionof
(2) | $ b 1�&4/21}$

+
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Figure 1. Example diff erence star for the dis-
crete Laplacian operator

where
c �

correspondsto the � -th row of theequationsys-
tem.As thefollowing equationsholdb &yc - {  

+�I
b &yc

+ 1 {  b � &yc - { �
+�I

b � &Mc
+
-<� { �

\
with �

I / - /d � /d � (7)

and d � thevalenceof the E -th neighborof
e �

, we cansolve
equation(6) for { andgetthefollowing representation{
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wherethecorrectionvectors{  , { � aredefinedasfollows:{
�
I

b &yc
+

(9){ �
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+,+
(10)

Thecoefficient

�
is a dampingfactorthathasto bechosen

small enoughto guaranteefor the convergenceof the iter-
ation procedure(Fix-point theoryof Banach).The damp-
ing coefficient

�
is alsofrequentlycalleda viscosityterm,

which is a morephysicalinterpretation.The coefficient

�
alsocontainsafactorthatis somehow depeendentontheva-
lenceof theregardednode.This coefficienthowever is not
computedin theprogramasthis costsextra computational
time anddoesnot influencethe final resultin a noticeable
way. The explanationof this phenomenonis, that almost
everyvertex hasavalenceof six in thisapplication.

The correctionvectorsare equivalent to the solutions,
thatsatisfythefollowing equations:b &Mc - { �

+�I
D (11)b � &Mc - { �

+�I
D (12)

Thecorrectedpositionof thevertex
c

canthenbecomputed
accordingto: �c I c - {

Theappliediterationmethodresultsin fact in a Gauss-
Seidel iterator without the needto constructthe iteration
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matrix explicitly. Since(8) gives rise to a fix-point iter-
ation to computethe solution of one row of the system,
theapproximationprocedureresultsin two nestediteration
schemes.The outer loop is the Gauss-Seidelschemeand
the inner oneis theapproximative solutionof a non-linear
equation. This contribution is computedusinga fix-point
iterationscheme.

This fix-point iterationshouldberepeatedseveral times
within every step of the Gauss-Seideliteration. But in
our case,we decidedto just perform one single iteration
stepsincethe boundaryconditionsalsochangeduring the
Gauss-Seideliteration,thatencapsulatesthis fix-point iter-
ation. Duringeachiterationthepositionsof all verticesare
correctedexactly once,usingthecomputedcorrectionvec-
tor.

2.1. Preventing self-intersections

Thedefinitionof theUmbrellafunctionalguaranteesfor
a stabletriangulationof thesurface,if thegeometryof the
meshand of the surfaceto be extractedarealreadyquite
similar. Theonly componentthatmightcausetroubleis the
impactof the potentialfunction. As the additionalimpact
vectoris notnecessarilyorthogonalto thesurfacethetrian-
gular meshmay be distorted.Thisproblemis illustratedin
Fig. 2(c).

The first experimentsweredoneusingjust the compo-
nentof thepotentialgradient,thatpointsinto thedirection
of theestimatedsurfacenormalatthisvertex assuggestedin
Sardajoen[11]. This approachpreventedthe surfacefrom
becomingdistorted,whenthe convergenceof the iteration
methodwasalreadyalmostachieved. But duringthis con-
versionprocessanotherproblemmight occurasshown in
Fig. 3.

We suggestanapproachwhich first computesthescalar
productof the potentialgradientwith the correctionvec-
tor, thatemergesfrom theUmbrellafunction. If the result
is positive, the directionof this correctionvector is used,
otherwisethe estimatedsurfacenormalwill designatethe
directionof correction. By usingthe Umbrellavector the
anomalyasshown in Fig. 3 is avoided,on the otherhand
usingtheumbrellavectorevenif theresultingscalarproduct
is negative,existinganomalieswouldbecomeevenstronger
andwouldpossiblyleadto self intrusion.In thiscaseanav-
eragednormalvectorof theborderingtrianglesappearedto
bemorestable.A resultingtrianglemeshfor thesameex-
ampleasin Fig. 2(c) is shown in Fig. 2(d). In this image
we have alreadyusedanadaptive triangulator, thatwill be
describedin section3.

(a) Shadedself intersecting
surface

(b) Shadednonself intersect-
ing surface

(c) Self intersectingsurface (d) Surfacewithoutself inter-
section

Figure 2. The problem of self inter secting sur -
faces

3. Hierar chical Approximation

Themultilevel approachfor discretizingpartialdifferen-
tial equationshasespeciallybecomepopularin thefinite el-
ementcommunitythelastfew years(seeBank[1]). Besides
theability toacceleratethenumericalsolution,wealsowant
to automatethe decisionaboutthe discretizationgranular-
ity. Theapproachfirst computesthe low frequency contri-
bution of the final solutionon thecoarsegrid. Thehigher
frequency contributionsareaddedlateron duringthecom-

target surface

Figure 3. The problem of using the normal
vector direction during the iteration process
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putationon thefinergrids.
In this paperwe areusing the main ideasof the multi

level approachfor the generationof thefinal surface. The
first iterationsaredoneona coarsegrid, thatis thenrefined
at positionsindicatedby a local errorestimator. Theinitial
surfacefor the iterationprocessis generatedusinga semi-
automaticmodelingtool, whichwill bedescribedbriefly in
thenext sub-section.A specialtriangulationmethodavoids
T-verticesin thenew generatedgrid. The initial valueson
the finer grid arecomputedfrom the coarsergrid usinga
subdivision-scheme.The weightsfor the finite difference
operators(3), (5) areconstructedaccordingto thelocalcon-
nectivity.

In orderto implementa local refinementstrategy acrite-
rion for decidingwhereto refinethemeshis required.The
standardapproachusedis to constructan error estimator
eitherbasedon higherorderbasisfunctions(p-method)or
temporarylocal refinement(h-method)(seeVerfürth [20]).
We have decidedto usethe influenceof the inner forces
duringthelast iterationassomekind of local errorestima-
tor to avoid computationaloverhead.We stopthe iteration
andinitiate meshrefinement,if theaveragecorrectiondur-
ing the last Gauss-Seideliterationhasbecomevery small.
If thereis ahighimpactof theinnerforces(localdistortion)
on a particularvertex during the last iteration, this gener-
ally meansthat therealsois a strongcontourforceimplied
by thepotentialfield, which is approximatelythesamesize
andcompensatestheinnerforce(actio=reactio).This is an
indicationthatfinerdetailis presentin theneighborhoodof
thatvertex. A triangleis markedfor refinement,if theaver-
ageindicatorvalueof its verticesis aboveagiventhreshold.
In Fig. 4 the resultof anadaptively anduniformly refined
surfaceis shown. Therefinementconcentratesin regionsof
highcurvature.

The local meshrefinementis performedusing a red-
greentriangulator, which especiallyavoids theproblemof
T-vertices(seeVerfürth [20]). This triangulationmethod
consistsof two differentrefinementrules. The red refine-
mentrulesubdividesa triangleinto four sub-triangles.This
rule is appliedto triangles,that have beenmarked by the
local errorestimator. Thegreenrefinementrule is applied
to triangles,thatarenext to the triangleswhich areredre-
fined. Thegreenrefinedtrianglesaredividedinto two sub-
trianglesto avoid theT-vertex (seeFig. 5). In orderto con-
trol theaspectratio of thetriangulationgreenrefinedtrian-
glesmustnotberefinedagain.If agreentriangleis marked
for refinement,thegreen-cutis undoneanda completered-
cut is performedinstead.Thisapproachis relatedto theone
describedin Vasilescuet. al. [19].

On the irregularly refined grid, the finite difference
schemehasto beadapted,astheunderlyingparameteriza-
tion canno longerbeassumedto besymmetric(seeeq. 4).
If no specialcareis taken especiallyfor the verticescon-

(a)Shadedsurfaceof uniform
refinement

(b) Shadedsurface of adap-
tive refinement

(c) Uniform refinement (d) Adaptive refinement

Figure 4. Unif orm vs. adaptive mesh refine-
ment

nectinga redandgreenrefinedtriangle,they would tendto
drift, andwouldseverelydistorttheadjacenttriangles.The
weightsof avertex whichis separatingaredandagreentri-
anglearethereforeadjustedasproposedin Fig. 6(a).These
weightscanbe computedby differentiatingthe interpolat-
ing polynomials,asit is traditionallydonein theconstruc-
tion of divideddifferenceoperators(seeSchwarz[14]).

Also specialconsiderationshave to bemadefor theop-

red

red

green
green

green

green

Figure 5. Red and Green refinement
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Figure 7. Labelization of the ver tices
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Table 1. Look up table for the interpolation
coefficients

positecornerof a greenrefinedtriangle,to keepthediffer-
enceschemebalanced.In thiscase,wehavedecidedto give
thisformerT-vertex aweightof zero(seeFig. 6(b)). This is
necessaryto avoid theinfluenceof thefiner resolvedcell to
thecoarseroneandto keepthedifferenceschemebalanced.
In generalnon-symmetricUmbrellamasksbecomeneces-
sary, if the neighboringverticesarenot all from the same
generation.

The decisionwhich maskof weightsto chooseduring
thecalculationcanbeeasilydoneby labelingthevertices.
In the initial meshall verticesarelabeled� . If a triangle
is refinedred,all new verticesarealsolabeled� . If a tri-
angleis refinedgreen,thenewly generatedvertex is labeled� , theverticesthatareon thesameedgeof this vertex are
labeled� andthevertex, that is on theoppositesiteof the
triangleis labeled� (seeFig. 7).

Theresultingweightscanthenbedeterminedusingthe
look up table1. This tableallows to correctlyhandlemost
cases.For thesake of efficiency, we ignoresomerarespe-
cial casesof cascadingrefinementlevel boundaries.This
doesnoteffect theresultingmeshsignificantly.

In consequenceof this generalizationof the Umbrella

old vertex new vertex

1/21/2

1/8

1/8

−1/16 −1/16

−1/16 −1/16

Figure 8. Butterfly subdivision scheme

functionaltheequation(3), which representstheUmbrella
functional,now becomesthenon-uniformUmbrella

b &yc
+=I /� � L � � �_L � e x 13c

\
where

L �
aretheweightsaccordingto themodifieddiffer-

enceschemes.Equations(5) and(7) changeaccordingly.
To reflectthedifferenttrianglesizesin theparametriza-

tion domain, triangles from different subdivision levels
shouldalso have differentdifferentiationweights. If one
analysesthe Gauss-Seideliterationscheme,onefinds out,
that ignoring this subjecteffectively resultsin a overem-
phasisof the volume gradientinfluence. However as the
smallertrianglesareassumedto fit to regionsof highercur-
vaturethis is justified.

The positionof the new verticesareinsertedaccording
to thesubdivisionschemeshown in Fig. 8, which hasbeen
proposedin Dyn etal. [4]. Thisschemetendsto generatea
smoothsurface.Thebutterflysubdivisionstepis appliedas
a prolongationoperator, thatgenerallygeneratesbetterini-
tial valuesthansimplelinearinterpolation.Thefinal vertex
positionis computedby theiterativesolver.

3.1. Hierar chical Analysisof the VolumeGradient

In orderto optimizetheconvergencebehavior of thesur-
facein somecases,the analysisof the gradientvolumeis
alsodonein ahierarchicalmanner. Thebasicideaof multi-
level methodsis, that the solutionat the coarseresolution
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(c) Differentiationweightsfor type � ver-
tex

Figure 6. The diff erentiation weights in the case of the irregular refined cells

level reflectsthe low frequency componentof thefinal so-
lution. Thefiner frequency partsareaddedlateron during
thesubdivisionprocess.

Due to the fact, that only low frequency informationis
reflectedin thesolutionat a coarserlevel it makessenseto
increasethevariancein theconvolution kernelin equation
(1). Thesizeof theconvolution kernelis alsoincreasedto
maintainnumericalaccuracy.

Fig. 9 shows a sketch of the situation with a sharp
boundarystructureand several gradientmagnitudesesti-
matedwith differentconvolutionkernelsof increasingvari-
ance.Onecanclearlysee,thatthebasinof attractionof the
boundarystructureenlargeswith increasingvariance. On
the otherhand,the detail information in the dataset gets
lost, asvarianceand the sizeof the convolution kernel is
increased.

Thevarianceandthesupportof theconvolutionkernelis
maximalwhenthe iterationprocessbeginsandis bisected
at eachsubdivisionstep.During thefirst iterationsa rough
positioningof the initial surfaceis accomplishedanddur-
ing furtheriterationsanexactpositioningwith smallervari-
ancesandmorehigh frequency informationof thevolume
canbeperformed.Thereductionof thevarianceandof the
sizeof theconvolutionkernelby 50%stepshavebeencho-
sen,asthelengthof a triangleedgeis alsobisectedduring
thisprocess.

Theinitial sizeandthevariancefor theconvolutionker-
nel is estimatedby the spatialextendof the volume. We
chooseaninitial varianceandsupportas

/q�q�
of theaverage

original function gradient magnitude � low variance
gradient magnitude � middle variance
gradient magnitude � high variance

Figure 9. Application of diff erent variances

dimensionextension.

In orderto keepthecomplexity of thecomputationof the
convolution at a reasonablelevel, thegradientis estimated
usingonedimensionalfilters only. This is lessstablethan
the applicationof threedimensionalfilters, but alsomuch
lesscomputeintensive,astheamountof operationsneeded
alsojust increaseslinearlywith theextensionof theconvo-
lution kernel.
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3.2. Generationof the Initial Surface

In order to apply the deformablesurfacealgorithm,an
initial surfacewith a coarsetriangulationhasto bedefined
first. This surfacehasto be in theneighborhoodof the fi-
nal destinationsurface. First theuserselectssomebound-
ary points using a slicing tool, that is shown in Fig. 10.
Theselectedverticesarethanconnectedusinga Delaunay
tetrahedrization.In orderto modelnon-convex structures,
tetrahedramaybedeletedby theuserin a postprocessing
step. The deletionof tetrahedrais doneagainby picking
into the slicing view to deleteindividual tetrahedra.The
positionsof thetetrahedraareindicatedby color. Thistech-
niqueis relatedto themodelerpresentedin Neuenschwan-
der [10], exceptfor the fact, that Neuenschwanderdeletes
the tetrahedrain the threedimensionalsurfaceview, with-
out theability to controlthecorrectnessin theslicingview.
If theuseris finally satisfiedwith theresult,theoutersur-
faceof thetetrahedralcomplex is usedasaninitial surface.

4. Results

We have applied the deformablesurface algorithm to
medicaland technicaldatasetsas shown in Fig 11. By
modelingdifferent initial meshesdifferentstructuresmay
beextractedfrom thesamedataset. Thethreepartsof the
engineblockareextractedfrom thesamedataset.Thedeci-
sion,whichstructurehasto bevisualizedis doneby editing
the initial surfaceappropriately. Thesurfacetendsto drift
towardstheclosestboundarywith respectto its startingpo-
sition.

We have implementedthis algorithmin C++ usingthe
OpenInventorlibrary asa meansof displayingthe gener-
atedsurfaces.This providesthepossibility to tunethepa-
rametersduring the iterationprocessandthepossibility to
generatean Inventorfile descriptionof the generatedsur-
facethatmaybeusedlateron.

As a performanceresultwe have measured
/ v �

seconds
for an iterationwith

/�8;8;�;�
trianglesand �

v �
secondsfor a

surfacewith

��� / � 8 triangles.Thesetimeshave beenmea-
sureson a 175MHz R10000SGI O2. It is difficult to give
anestimationfor theoverallconstructionof acompletesur-
face,asthecomputationtimeis influencedby therequested
quality. The finer the subdivision is done,the more time
is required. The overall time alsodependson the quality
of thesurfaceto beapproximated,asdifferentsurfacesre-
quirea differentamountof iterations.As a rule of a thumb
it cansaidthatabout

�
D iterationsareappropriatebetween

two sub-divisionsteps.In lower resolutionstherearefewer
and in higher resolutionsthereare more iterationsneces-
saryasfiner detailsareaddedto thesurface.Thesegmen-
tation of the brain took abouthalf an hour includinguser-
interactionto adoptthe parametersof the iterative solver

during the computation.Processingthe engineblock took
about20 minutes.The requiredtime is not comparableto
the performanceof the marchingcubesalgorithm and its
variations,however in generalthesesurfacescannotbeex-
tractedby an iso-surfacealgorithm. This is especiallytrue
for theextractionof thebrainsurfaceof theMRI scan.An
iso-surfaceextractionalgorithmlike marchingcubesgen-
eratessurfacesthat indicatea distinctvaluewithin thedata
setanddoesnot representboundaryinformation,which is
usuallyof higherinterestin datasets,thatrepresentcertain
objects.Theintensityvaluesmaydifferalongaboundaryin
thealgorithmpresentedhere,which doesnot influencethe
appearanceasthe iso-surfaceapproachwould. In contrast
to theiso-surfaceapproachour algorithmtendsto generate
smoothsurfaces,whicharetolerantto smalldisturbancesin
theanalyzeddataset.An iso-surfaceextractionalgorithmis
notableto isolatesingleconnectedobjectsasouralgorithm
does.

The last two imagesshow a comparisonof the gener-
atedtriangularmeshof the marchingcubesalgorithmand
theenergy minimizationapproach.Theiso-valuehasbeen
adjustedto show theskin surfaceof theMRI-scan.For the
deformablesurfaceapproach,the initial surfacehasbeen
wrappedaroundthehead.Our algorithmgeneratesa much
more regular triangulationthan the marchingcubesdoes,
whatmakesthistechniqueespeciallyinterestingfor texture-
mappingandnumericalapplications.In Fig. 11(f) anadap-
tive triangulationof a cube side is shown. This image
clearly shows the stability of the triangulation,especially
at thebordersof redandgreenrefinedtriangles.

As a rule of thethumbwe figuredout, that thedamping
factor

�
shouldbe about D

v
D
� 1 D

v /
. This dampingfactor

influencesthestepsizeduringtheiteration.A smallervalue
reducestheconvergencerate.If thevalueis toohigh theit-
erationschemebehavesunstable,astheLipschitzconstant
of the iterationschemeis no longersmallerthanone. The
factor

$
shouldbearoundD

v
D�� 1 D

v 8
, but thealgorithmdoes

not behave sensitive with respectto changesof theparam-
eters. If the factor

$
is zero, thenthe surfacesimulatesa

purethin plate,thattendsto minimizesurfacecurvature.If$
is one, this approachsimulatesa pure rubberskin, that

tendsto minimizetheareaof thesurface.Any othervalue
simulatesa mixtureof thesetwo aspects.

In fig. 12 we have shown a comparisonof the conver-
genceprocesswithout and with the adaptionof the right
handsideof theequation.In this examplewe have applied
the cubic dataset, that hasvaluesof onein a small cubic
areain thecenterandavalueof zerooutsidethisregion.As
aninitial surfacefor theconvergenceprocessacubesurface
is defined,that enclosesthe whole extendof the dataset.
Thissurfaceis shown in image12(a).

The imageseries12(b),12(c)and12(d)shows thecon-
vergenceprocessof thedescribedsurfacewith anonchang-

8



Figure 10. The user interface of the slicing tool

ing varianceandconstantsizeof convolution kernel. The
first imageshows the surfaceafter two subdivision steps,
the secondoneshows the imageafter threestepsand the
lastoneafter four. Theproblemof the relative small con-
volution kerneland the low variancebecomesobvious in
thisseriesof images.Thesurfaceshrinksveryslowly at the
beginningof the iterationprocessandfinally startslocking
onto the boundarystructureof the cube. This canbe seen
at thesingularityin image12(d).This lockingprocesshap-
pensquite late and it needsstill many more iterationsto
approximatethe boundarystructureunderdiscussioncor-
rectly.

Thesecondseriesof images12(e),12(f)and12(g)shows
theconvergenceprocesswith thesuccessively reducedvari-
anceandthesizeof theconvolutionkernel.Onecanclearly
seethat theshapeof thecubeis approximatedmuchfaster
thanin theprocess,wherethe right handsideof theequa-
tion is notadopted.

Thepresenteddatasetis particularlysuitedfor theadap-
tive changeof the convolution kernelandthe variance,as
thereis justonesharpsingularityin thisdataset.Thelarger
varianceatthebeginningof theiterationprocessattractsthe
surfaceto the boundarystructure.The convolution kernel
generatesgradientinformationin thehomogeneousregions
of the datasetespeciallyat the beginning of the iteration
process.This is not the casefor the smallervarianceand
convolutionkernelsin thefirst seriesof images.In thiscase
theinitial shrinkingprocessis purelybasedon the internal
energy terms.

Howevernotall datasetsaresuitedfor thiskind of hier-
archicalmethods.Thisis especiallytruefor datasets,where
localminimaof theoverallenergy functionaresearchedfor.
If thereis aweakboundarystructurerathercloseto astrong

one, it canonly be extractedusingthe non-adaptive tech-
niquefor the right handside. If the initial surfaceis posi-
tionedrathercloseto this boundarystructureit is attracted
by it if thesizeof the convolution kernelandthevariance
is keptminimal from thebeginning. But if thehierarchical
approachfor theinhomogeneitywouldbeusedinstead,the
surfacewould becomeattractedby the strongerboundary
structurewhichis furtherawaythantheweakerone.This is
causedby thelowerpassfilter thatis appliedhere.

5. Conclusionsand Future Work

In thispaperwehavepresentedanew indirectvolumevi-
sualizationmethod,thatis basedon thedeformablesurface
approach.We have describedhow to constructanadaptive
multi-level finite differencesolveranddemonstratedtheap-
plicability for medicalandtechnicaldatasets.This visual-
ization methodis a generalapproachsuitablefor a great
varietyof scalardatasets,thatcontainboundaries.

As futurework weplanto usethegeneratedsurfacesfor
texture mappingandparameterizationpurposes.First ex-
perimentshavealsoshown theeaseof convertingtheInven-
tor descriptionto a VRML description,which might offer
thepossibilityof webbasedapplicationsfor thismethod.
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(a)Engineblock (b) Exhaustof engine (c) Engineconfiguration

(d) Brainof MRI scan (e) Brainseenfrom below (f) Adaptive triangulation

(g) Headof MRI scan (h) Marchingcubesmesh (i) Energy minimizingsurfacemesh

Figure 11. Applications of the energy minimizing surface algorithm
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(a) Startsurface

(b) Two subdivisions with constantvari-
ance

(c) Threesubdivisionswith constantvari-
ance

(d) Four subdivisionswith constantvari-
ance

(e) Two subdivisions with adaptive vari-
ance

(f) Threesubdivisionswith adaptive vari-
ance

(g) Four subdivisionswith adaptive vari-
ance

Figure 12. Comparision of the two adaptive techniques (scaling increasing from left to right)
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