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Abstract

We present a methodical new approach to visualize the aspects obyelativity from a self-centered perspec-
tive. We focus on the visualization of the Gddel universe, which is an edatibs to Einstein's eld equations
of general relativity. This model provides astounding features sucheasxiistence of an optical horizon and the
possibility of time travel. Although we know that our universe is not of Gi§igel, we can — using this solution to
Einstein's equations — visualize and understand the effects resulting frothebey of relativity, which itself has
been veri ed on the large scale in numerous experiments over the lagirgeWe derive the analytical solution
to the geodesic equations of Godel's universe for special initial conditidlesig with programmable graphics
hardware we achieve a tremendous speedup for the visualization afdjeglativity. This enables us to interac-
tively explore the physical aspects and optical effects of Godel's ueiVéfs also demonstrate how the analytical
solution enables dynamic lighting with local illumination models. Our implementéitailored for Godel's uni-
verse and ve orders of magnitude faster than previous approadhean be adapted to manifolds for which an
analytical expression of the propagation of light is available.

Categories and Subject Descript@egcording to ACM CCS) 1.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism —J.2 [Physical Sciences and Engineeringdid3kyG.1.7 [Numerical Analysis]: Ordi-

nary Differential Equations —Initial value problems

1. Introduction

Albert Einstein has revealed the curved nature of space and
time when he found the theory of general relativity. Kurt
Godel's universe is one of the most interesting exact solu-
tions to Einstein's equations. Despite its mathematical sim-
plicity, due to the high symmetry of the underlying space-
time, it demonstrates the possibilities lying within the theory
of general relativity. Gddel's model of an alternative universe
— only consisting of homogeneous dust, rotating around ev-
ery point — describes a theoretically feasible spacetime, in
which time travel is possible beyond an optical horizon,
which itself represents a non-impenetrable physical barrier
for massive particles.

In this paper we visualize optical effects of general rela-
tivity from a rst person's point of view. This is done by
placing an observer in a speci c general relativistic model
such as the Gddel universe. Our goal is to render an image
of the observer's view in such spacetimes and allow for inter-
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active movement of objects, light sources, and the observer
camera. In this work, we focus on the geometrical appear-
ance and local illumination of objects in Gddel's universe
and neglect relativistic effects such as frequency shifts due
to relative motion. In prior implementations, the geodesic
equations which describe the propagation of light are inte-
grated numerically to determine the curved rays on which
light travels. The resulting segments are then used for inter-
section calculations similar to standard raytracing for nd-
ing the direction from which a certain object is seen. This
procedure is very costly and the resulting images lack il-
lumination as the incident light direction is indeterminable
due to the geodesics. The straightforward implementation of
an analytical solution to the geodesic equations to generate
these segments decreases rendering time drastically, but still
does not result in interactive frame rates.

Our approach avoids a numerical integration and directly
computes the locations where an object is visible. This re-
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quires an analytical solution to the geodesic equations which contrast to our solution, Kajari. et. al. restricts the solution to
we derive for Godel's universe. We can interactively alter theft;r;j g-subspace and therefore neglect ftmordinate
the visualization parameters and discover effects which are of Gddel's universe.

hardly possible to nd with non-interactive methods. Ex-
ploiting the analytical solution it is also possible to apply

a local illumination model. We chose Gdodel's universe for
our visualization due to its elegant mathematical structure
and physical implications. Please note that recent solutions
to the geodesic equations of other spacetimes such as worm-
holes can be used as well.

All visualizations of general relativity — interactive, semi-
interactive or non-interactive — restrict themselves to vi-
sualize primitive objects such as spheres or cubes. Gu et.
al. [GGHO0Z provided an ef cient way to store mesh data in
geometry images. This idea, as well as recent techniques in
programmable graphics hardware suclCatDA [NVI] and
the method of texture space lightingJ03, were adopted in

The remainder of this paper is structured as follows. In this work to enable rendering of arbitrary geometry.

Sect.3 we provide a short outline of general relativity and
the basic physical properties of Gddel's universe. We also
discuss the optical appearance of objects in Godel's universe
by investigating the characteristics of light rays. The method In this section we provide a brief introduction to the concepts
and shortcomings of four-dimensional raytracing on curved of general relativity and the Godel universe. An in-depth dis-
manifolds are discussed in Sed4t.Next, our solution to the cussion on relativity can be found iR[n01L, MTW73] while
geodesic equations for special initial conditions will be out- details on the Godel universe are illustratedkiSD04.

lined and processed in Se&.1 and5.2 To enable arbi-
trary observer positions as well as local illumination mod-
els, we take the symmetries of Gédel's universe into account
in Sect.5.3. The implementation and applications of our ap-  Einstein found that the three spatial dimensions and time
proach are discussed in the last section. itself cannot be described as separate entities but form a
four-dimensional spacetime continuum. From a mathemat-
ical point of view, these spacetimes are represented by four-
dimensional pseudo-Riemannian manifolds, which are solu-
Weiskopf Wei01] visualized many visual properties of re-  tions to Einstein's eld equations. Einstein also discovered
lativity using a four-dimensional extension to the raytracing that these manifolds are curved if masses are present in a par-
system RayVISGro9q. Miiller [M(06] extended this idea ticular spacetime. This curvature is implied in the line ele-
further when implementing a formulation of objects with re-  ment & = éﬁ;nzogm(x)dx“dx”; which characterizes any
spect to their local at frame of reference. In recent years spacetime in general relativity. Heggn(X) is the metric ten-
several relativistic scenarios were implemented in interac- sor at the poink, and is the diagonal matrix diag1; 1;1; 1),

tive simulations utilizing modern graphics hardware. Like if the underlying manifold is at and cartesian coordinates
the work of Savage et alSSM07 these implementations are  are used. For a given set of coordinaxtshere is a unique
restricted to special relativistic scenarios where light paths metric tensorgun (except for the algebraic sign). The line
resemble straight lines. MlleM08] has provided interac- element d measures the spacetime distance between two in-
tive visualizations of general relativistic wormholes using an  nitesimally neighboring events andx + dx, where d* ex-
analytical solution, with limitations, however, such as ambi- presses the in nitesimal coordinate difference along |the

ent lighting. In our previous workdB08§ we introduced a axis of the coordinate system. From this line element, many
generic approach to visualizing various spacetimes faster by physical features considered in general relativity can be ex-
means of a slow preprocessing step and an interactive post-tracted considering a particular spacetime. For example, us-
processing method to alter certain parameters of a scene. lting the Christoffel symbols the so called geodesic equations
is, however, not possible to move objects unless another pre-

processing step is done. Also, the concept of a noninterac- 3

tive local illumination model exploiting the symmetries of £+ 4 GdX' =0 €h)
spacetime — in our case the Godel universe as well — has pwn=0

been introduced.

3. Theory of general relativity and the Gédel universe

3.1. Basic characteristics of general relativity

2. Related work

with the constraingunx"x" = kc? can be derived. The dif-
There exist numerous publications on the solution to ferentiationx" = x"={l is with respect to the curve para-
the geodesic equations of Gddel's universe, most promi- meterl . The four geodesic equations describe how photons
nent being the work of KundtKun56, Chandrasekhar (k = 0) or massive particlek(= 1) propagate when they
et. al. [CW6] and Novello et. al. [NST83. Kajari et. are solely under the in uence of gravitation. The af ne curve
al. [KWSDO04 found a very convenient set of coordinates, parametet is the proper time of the particleif= 1. For
in which Godel's universe reveals its properties more appar- photons the curve parameter has no physical meaning. The
ent. Also, the symmetries of Godel's universe were provided, geodesic equations are second-order differential equations,
alongside a special solution to the geodesic equations. In they can be solved by formulating an initial-value problem
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for a particular spacetime poirg and directiorxs. Unfortu- universe is not rotating but expanding. Nevertheless, this so-
nately the geodesic equations are usually very hard to solve lution demonstrates that time travel is in principle possible if
analytically. However, for various spacetimes an analytical we only take general relativity into account. Most physicists

solution was found.

3.2. Godel's solution

Kurt Godel, who was a close friend of Albert Einstein, was
fascinated by general relativity. He soon discovered that this
theory does not necessitate a global time order and therefore
allows time travel. Godel tried to nd a solution to Einstein's
eld equations with this property§F9Q and succeeded in
discovering a world model later named after him. The line
element in Gédel's univers&KWSD04 is

2
dSZZ dr

2.2
1+[r=(2a)]2 i

c’dt® + 21 [r=2a)? d?2

2
+dZ B-Catd @)

2a
with cylindrical coordinatesr;j ;zg, the time coordinate,
the velocity of lightc, the Gddel parametex, and the con-
vention ggp < 0. It can be shownG649 that this solu-
tion describes a homogeneous, but rotating and therefore not
isotropic, universe. Due to the homogeneity of Gédel's uni-
verse there is no gravitational redshift, only Doppler shift
due to relative motion arises. The mass distribution generat-
ing the curvature of Godel's universe consists of dust, which
is rigidly rotating around every point. The angular velocity
of this rotation is inversely proportional to the Godel para-
metera. This set of coordinates is very intuitive compared
to other formulations, such a&p49 Pfa81. In the limit
a!l this spacetime yields the nonrotating at spacetime
of special relativity in cylindrical coordinates. Therefore, a
speci ¢ situation, e.g. a certain arrangement of objects, can
be designed in at spacetime before introducing rotation
(a= ap) to this model.

It can be shownKun56 CW61] that time travel is in fact
possible in Godel's universe. A person — starting at the origin
and traveling beyond the Godel horizon and back — can travel
into the past of an observer remaining located at the origin
of this coordinate system. This doret mean that the time
traveler himself gets younger as he travels into the past of the
resting observer. An older duplicate of the traveler returns to
the origin before the younger version of himself even leaves.
The philosophical consequences concerning causality are
to say the least — severe, but this kind of travel is possible
within the Gddel universe. Furthermore, as this model is not
the only spacetime allowing time traveé?fa8] it must be
concluded that time travel is an immanent characteristic of
general relativity.

As the Godel universe is a valid solution to Einstein's eld
equations, it is gossibledescription of our universe. On
the other hand we know that the Gddel universe is no re-
alistic description of our universe because the Gédel met-
ric describes a rotating, not expanding universe, whereas our

¢ 2009 The Author(s)
Journal compilationc 2009 The Eurographics Association and Blackwell Publishinlg

including Einstein himself stated that time travel should be
impossible due to the resulting severe causality violations,
but there is obviously no mechanism within the domain of
general relativity itself preventing time travels.

3.3. Optical appearance of Gddel's universe

In Fig. 1, the curved paths of light rays starting at the origin
are depicted. The black geodesics and the rotational symme-
try show that there exists a maximum radial distance which
photons reach if they have passed through the origin. This
Godel horizon is a cylinder around the z-axis with radius
re = 2a. Itis the maximum distance that an object can reach
before it disappears for an observer located at the origin.
Consequently, the Godel horizon is an optical horizon but
it can be shown that it is no physical barrier which objects
could not penetrate. Objects beyond the Godel horizon are
simply not visible from the origin of this coordinate system.

If an object is located within the Gddel horizon it will be
visible at least twice as illustrated in Figy. There exist two
possible paths for light to travel from an object to the ob-
server located at the origin.

Gadel horizon

Figure 1: Geodesics in the xy-plane. Example geodesics
(black) and the rotational symmetry of the spacetime illus-
trate the existence of an optical horizon. An object (orange)
can be seen twice.

By pushing the object to a position withé 0 within the
horizon, it will be visible in nitely often (Fig.2): There
exists an in nite number of increasingly narrow helix-like
paths, which connect the object to the observer. Fghows

an example rendering of a small object located aboveyhe
plane and within the Gédel horizon. We denote a physical
entity within the Gddel universan objectand the multitude

of its visible appearancegpresentations
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Shortest possible light Light paths winding once.
paths.

Figure 2: Light paths from a small object (orange) to an
observer located at the origin. An in nite number of possible
light paths exists with any number of windings. The variables
I'j;j serve to distinguish the different geodesics and will be
properly introduced in Seck.2

Figure 3: Optical appearance of an in nitely often visible
sphere (only a nite number of representations shown) lo-
cated within the Godel horizon ¢ 0).

4. Visualization of general relativity

4.1. From 3D raytracing to general relativistic 4D
raytracing

In classical 3D raytracing a primary ray is cast from the
camera into the scenery and intersections between the ray

and G. Wunner / The Godelike

4.2. Shortcomings in 4D raytracing

There are two main problems in general relativistic raytra-
cing. First, the numerical integration of geodesics on today's
standard CPUs usually takes about ten milliseconds per ray.
The calculation of intersections between this ray and a single
object requires another millisecond. The amount of time for
rendering a large image of a complex scenery easily exceeds
a whole day even if a cluster is used. Second, if no analytical
solution is available, the relativistic rendering cannot inte-
grate lighting computations. The inherent problem is that it
is basically impossible to connect two spacetime points with
curved rays using an initial value problem. Simply speaking,
we do not know the direction in which a secondary ray has
to start to reach the light source if this ray is bent arbitrarily.
For interactive visualizations we either need extraordinary
powerful clusters for integrating geodesics and intersection
computation or an analytical solution to the geodesic equa-
tions which we present in the following section.

5. The geodesics and symmetries of Godel's universe
5.1. Solution to the geodesic equation

The analytical integration of the geodesic equations can be
an impossible or at best tedious task. However, due to the
large number of symmetries and the resulting constants of
motion we can solve the geodesic equations for the Godel
universe. In this section, we present the solution to the
geodesic equations (E#) for special initial conditions. We
outline the solution — the full derivation in detail goes be-
yond the scope of this work. The Lagrangian formalism is
used to derive the solutions. For the mathematical details we
refer the interested reader tdlTW73].

and objects are calculated. Secondary rays are generated aThe Lagrangian for photons

these intersection points which connect them to light sources
to apply local illumination models. All light contributions
are accumulated to determine the nal color of a surface
point hit by a primary ray. To take the velocity of light into
account a fourth dimension has to be introduced into the
rendering process which stores the time that light needs to
travel and the information on when the camera or an ob-
ject reaches a certain position. By implementing the Lorentz-
transformation Rin01] between frames of reference in rela-
tive motion, effects of special relativity can be visualized.

In general relativity paths of light, as well as massive par-
ticles, are determined by the geodesic equations Jand
are generally curved. If no solution to these equations for a

3
LX) = & gmxX"2 0
wn=0

is independent of;j andz because the metric tensor it-

self does not depend on these coordinates. From the Euler-

Lagrange equations of motion

dam L,
d xH e

we obtain three constants of motion fof andzby applying
the Noether theorem

fiL .

ki == e

wherei = 0;2;3:

particular spacetime is known they have to be integrated nu- These constants of motion can then be used to decouple the
merically using standard methods such as Runge-Kutta in- radial equation of motioni & 1) from the other equations.
tegrators. The resulting paths are approximated with linear With this step we obtain four ordinary differential equations
segments which can then be used to calculate intersectionswhere the time and the angular equation are coupled with the
between a primary ray originating from a camera and the ob- radial equation. These equations can be considerably simpli-

jects in the scenery which can both be moving. A detailed

ed when restricting the solution process to the special ini-

discussion on general relativistic raytracing can be found tial condition x¢ = rs = 0, wherek, vanishes and only

in [Wei01, Mii06].

contains the time direction.

C 2009 The Author(s)
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The radial equation can be solved, yielding the solu-
tion r(l ), which is inserted into the other equations. These
can then be integrated. All four integrals of the equa-
tions of motion can be found in standard integration tables,
e.g. BSMMO07]. The result of this derivation in geometrical
units €= 1) is:

W) = ki 2 2ag0) fio0);  (3a)
s 04 1
K2 1+ k3 A
r() = 2a e sin@ oa IA; (3b)
()= o)+ fip(l)  fo(l)+] s (3¢)
2) = ksl ; (3d)
with
q
§ 1+ k3
fq(l) = p 2ap I +0°; (4a)
0 p 0q e 11
) +
g(l) = arctar@qkO 2 tan@ 5| AA: (ab)
1+ K2 a

The functionbxc returns the largest integer smaller thgn
ko is the negative time direction (e.g. +1 for light traced into
the past), and o = arccogks) as well ag ¢ are related to the
starting direction of the light particle as illustrated in Fg.

Figure 4: The starting direction of the geodesic is formu-
lated with respect to the angular coordinatésandj of a
spherical coordinate set.

5.2. Processing the solution of the geodesic equations

pointxp. The radial equation ip= 1 reads

! S
2 1+ K3
sin 1K e 3
2a 2a 1 K3
and yields the solutions
2a
lon = &=+ ha(ks)+ np]; (62)
1+ K3
2a .
l'in = == ha(ks)+(n+ 1p]:  (6b)
1+ K3
where
s |
= aresin T2 11
ha(ks) = arcsin %a 1 k% @)

The rst index inlj;; denotes whether the geodesic is on
the outbound part of the geodesic(0) or on the incoming
part which has already reached the horizen {) within this
cycle. The second indexs the number of full cycles that the
geodesic has run through since starting from the origin. This
is the notation also used in Fig. The unknown parameter
ks is determined by Eg3d, in which Egns.6a and6b are
inserted. Unfortunately, the resulting equations

k:
G—2_[+ha(ke)+ np] = 22;  (8a)
1+ K2 2a
3
k: Z
g=—[ ha(ka)+(n+1p] = 52;  (8D)
1+ K3 a

cannot be solved analytically and thus these two equations
have to be handled numerically using, e.g., a regula falsi
method. However, the numerical effort is negligible com-
pared to the numerical integration of geodesics.

Having obtained the solutions to these equations — a set
of parameter§ksg for the different possible geodesics — we
know the vertical anglei];;jg under which the object is vis-
ible usingJo = arccogks) (Fig. 4). The horizontal angles
fj i:jg can be obtained using EGc andl j;j = 0. By this
calculation we nd a set of initial conditions for geodesics
connecting a visible point to the origin. We can now calcu-
late the directions in the three-dimensional subspace at the
observer's position under which all representations of this
point can be seen. A correct occlusion of object's instances is

Fig. 4 shows the resulting geodesic reaching a certain point achieved by considering the geodesics' relative lengths given
(orange) for a given set of initial values. For a fast visual- py | i:j. The direction and nal position of each representa-
ization technique the question has to be reversed: What areyjon js then given by

the sets of initial conditions such that resulting geodesics

connect a given point to the origin? To nd all geodesics
which connect the origin to an arbitrary static poiy =
(tp;rp;j p:zp) the equations

X)) = xh

®)

. . 1
Sl_n(Ji;j)CQS(_J i)
Vi = @ sinJi)sinG i) A i = i
cogJ;;))
The orange object in Figl can therefore be seen along the
direction of the green line. As a point is in nitely often visi-

9)

have to be solved, where the left-hand side corresponds to ble we create a ( nite) number of copies of it. Following this

the analytical solution (EB) and the right-hand side is the

¢ 2009 The Author(s)
Journal compilationc 2009 The Eurographics Association and Blackwell Publishinlg

procedure we generate a scene with multiple instances of
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each object. If an object is partially beyond the Gédel hori-  eld: x§ is a translation in timex? a rotation around the-
zon, the last visible vertices of the two representatidhgg axis,x¢ a translation along the z-axigj a translation along
andf 1; jg on the same helix winding are contracted using a z%(r;j ), andx3 alongz®(r;j  5)). Being dependent on
stitching algorithm. Now this scene can be rendered using a bothr andj , z% is given by

standard perspective camera. 0 . 1

0 o1
" - z
In addition to an observer at the origin we can also place 1 ro2
o . ; . ) z _ 1 eh 1+ 5 )
a point light source there in order to illuminate the object. Gl i :
Z3 1+[r=(2a)]2 r
z

N .

The use of a local illumination model is then possible, be- ? 1+2 5 ° cog

cause we can compute if and how the origin is connected to 0

an arbitrary point. The only difference is the time direction )

in which the geodesics are traced. For calculating the posi- However, forf = p=2 the vectorz® points along the ra-
tion of an object geodesics are traced back into the past. The dial axis of the coordinate system making it a mere radial

illumination of an object requires geodesics propagating into {ranslation d. The resulting differential equation to Eg1
the future instead. can easily be solved analytically in the same way. This can

be used for the following train of thoughts: Take an observer
Using this derivation we can avoid an expensive numer- position in thexy-plane and a collection of objects in the

ical integration of geodesics and tedious intersection calcu- Gadel universe. If the observer was located at the origin a
lations. Note, however, that it is still not possible to obtain  fast visualization of this scene is possible using the deriva-
visualizations for arbitrary positions of both observer and tjon of Sect.5.2 Using a concatenation of isometric trans-
point light. Although the analytical solution to arbitrary ini-  formations it is possible to transform the whole scenery such
tial conditions exists, it can be shown that this solution is too  that the observer is located at the origin of the new coordi-
complex for an interactive visualization. nate system. Figh depicts the concatenation of two suitable

isometric transformations. First, the observer's position (yel-

low) is rotated around the origin along the rotational Killing
5.3. Using isometries to avoid rendering restrictions vector eld x§ onto they-axis of the coordinate system. The
Symmetries of a problem allow one to transform a given co- gray object |sl fmate‘?' by_the same anlgie In a second step,
ordinate set to another more convenient set of coordinates tN€ OPserver's location is transformed along the elas
easily, in which the properties of the underlying model be- to the origin. Again, the gray object is transformed W|th_ the
come clearer. For example consider the analysis of the char- S3M€ cUve parametbg. NOI(? th&_lt the latter transformgtloq
acteristics of two particles rotating around each other due to 'S 10t @ solely radial translation if the transformed object is
the in uence of classical Newtonian gravity: A reasonable 0cated atan arbitrary position. The generalization of an ar-
choice is a rotating polar coordinate system with its origin _bltrary obze_rver posmo_n witz & 0 is S|mple_, becaus_e the
located at the center of mass. The idea of choosing an ap- isometryx5 is a translation parallel to theaxis. Following
propriate set of coordinates is also employed in computer
graphics when transforming camera or object positions.
This concept can be used in general relativity through isome-
tries. An isometric transformatioxf* is an in nitesimal co-
ordinate transformation

XB(h) = @+ hx?(x°) (10)

with h 1. By de nition, the metric tensor remains un-
changed under this transformation. In mathematical terms an
isometry is represented by a Killing vector el[TW73].

It determines the directions in which the in nitesimal trans- rotation along<¢ by angleh;  translation along x§ by hs
formation has to be undertaken in order to retain the metric
and thus the physics of the spacetime described. To obtain a
nite isometric transformation EqlL0 is differentiated with
respect td to obtain the differential equation

% = xa(xb): (11) these ideas it is also possible to apply arbitrary point light

sources. Instead of transforming the observer's position to

The solution to this equation resembles an isometric trans- the origin of the coordinate system the light source is moved.

formation alongxa(xb) for nite values of h. Gédel's uni- Being able to connect origin and arbitrary spacetime points

verse inherits ve independent isometrié€//SD04] which it is directly possible to calculate whether or not a certain
can be linearly combined to form another Killing vector position is illuminated.

Figure 5: Concatenation of isometric transformations. The
yellow object denotes an observer or a light source, the gray
object resembles an arbitrary visualized object.

C 2009 The Author(s)
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6. Implementation number of pairs of instances, e.g. the two top-most spheres
in Fig. 3, corresponding to occurrences seen under geodesics
with the same number of windings (see FR&). The ren-
dering of one pair consists of the following steps: First we
accumulate the contribution from all light sources into the
lighting VBOSs by applying the respective isometric transfor-
mation and computing the direct illumination. Note that this
is very similar to texture space lighting techniquéd(3.

Next we compute the solution to Eg for every vertex giv-

ing us the three-dimensional coordinate for display @q.
Vertices may be located beyond the Gddel horizon resul-
ting in triangles that have to be excluded from rendering.
Instead the pairwise instances have to be stitched together.
For this we mark vertices in the geometry images which be-
long to valid and invalid triangles at the same time. Texels in
the geometry images corresponding to these vertices are the
To enable arbitrary observer positions we use the concept same for both instances and we weld the vertices together

of nite isometric transformations illustrated in Séc3. The by S|mp|y averaging their coordinates. As a result the two
observer position is isometrically translated into the origin  jnstances smoothly fuse as shown in Eg.

and each vertex is transformed analogously (B)gA ver- )

tex is transformed numerically using a standard 4th-order ~ The output of theCUDA computation can be mapped
Runge-Kutta integrator, while the observer position is trans- {0 oat-arrays for theOpenGL pipeline by utilizing the
formed using an easily obtainable special solution tollg. ~ OpenGL-interoperability. One VBO contains the solution of
Next, the view directions for each vertex are calculated us- EG- 8 for every vertex (possibly modi ed due to stitching),
ing the special solution to the geodesic equations as reca- and a second _VBO stores the iIIumingtion of every vertex in
pitulated above. Since light travels from the objects to the the geometry images. We render the image as seen from the
observer the primary rays — cast into the opposite direction OPServer by usingLSL shaders and depth buffering to re-
— travel into the past, i.&g = + 1 for Eqns.3. The analyti- solve occlu3|o_ns. Correct depth sorting is achieved by using
cal solution also allows us to apply local illumination mod- | @S monotonic measure for relative distance @aqwhile

els. For this the light source is translated isometrically into USing the same depth buffer across all passes.

the origin and we then illuminate the vertices by nding the

geodesics reaching the surfaces; these geodesics propagatt; Results

into the future and hergy = 1. '

Our implementation resembles the derivation presented in
Sec.5. In Sec.5.2 we discussed how to calculate the di-
rections under which a single point in Gédel's universe is
seen from the origin using the analytical solution derived in
Sec5.1 In a practical implementation which renders images
from triangle meshes these computations are carried out per
vertex to facilitate ef cient triangle rendering. We rst re-
capitulate the vertex transformation, followed by details on
the OpenGland CUDA implementation. For the transfor-
mation only Eqns8 have to be solved numerically which is
achieved using the lllinois-method, a modi ed regula falsi
procedure, converging typically in less than ten iterations.
Eq.9then gives us the direction under which a surface point,
or vertex, is visible on the image plane.

The direct comparison between a standard raytracing ap-
proach and our implementation reveals a drastic difference
d in performance. A reference scene containing one object has
been rendered using both methods on a standard dual-core
desktop PC in a resolution of 1024x512 pixels. The raytra-
cing approach to which we compar®{i06] does not use
supersampling, thus we rendered the images from the Gédel
engine with no antialiasing or other image quality improving
methods. Also, the local illumination model was deactivated,

In our implementation we use geometry images as repre- pecause no CPU implementation was available.
sentation for our triangle meshes which we store in vertex

buffer objects (VBO). Note that geometry images exhibit an n| CPUA| CPUB || GPU speed-up 10°
implicit topology where 2 2 neighboring pixels form two 2 41s| 605s| 41ms | 09t015
triangles. In addition to the geometry images storing vertex 4 79s| 1105s|| 7.8ms | 0.9to14
positions and normals we create an additional VBO storing 6 113s| 1639s| 11.2ms| 0.9t015
illumination values per vertex. Since we carry out all com-
putations on vertices stored in VBOs we opted for an imple-
mentation usingcUDA [NVI]. The mesh VBOs containing
the input vertex positions, texture coordinates and normals of
the meshes are accessibleGVDA and remain unchanged
throughout the rendering passes.

We assume objects to be small and solve the isometric
transport equation (Ed.1) for the center point of an object
only. This is physically reasonable as objects are formulate
with respect to their local at frame of reference located at
a certain point on the manifold, which has also been used as
the center point of the objecMu06]. The numerical solu-
tion to the isometric transport equation is implemented on
the CPU as it is required only once per frame and object.

In the table above, the rst column denotes the number of
visualized representations. CPU A is a raytracing approach
which implements the analytical solution. CPU B also is
raytracing approach but uses a 4th order Runge-Kutta in-
tegration for the geodesic equations. We chose the integra-
tion parameters to match the image quality of our interac-
Note that every object can be seen in nitely often in tive approach. The GPU rendering time was measured on a
Godel's universe. We account for this by rendering a nite GeForce 8800 GTS. Although a GPU implementation of a
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