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Abstract

We presenttwo beneficialrenderingextensionsto the Projected
TetrahedrgPT) algorithmby Shirley and Tuchman. Theseexten-
sionsare compatiblewith ary cell sortingtechnique for example
the BSP-XMP\O sortingalgorithmfor unstructureaneshes.

Using 3D texture mappingour first extensionsolves the long-
standingproblemof hardware-acceleratetut accuraterendering
of tetrahedralolumecellswith arbitrarytransferfunctions.

By emplgying 2D texturemappingour secondextensiornrealizes
the hardware-acceleraterenderingof multiple shadedsosuraces
within the PT algorithmwithout reconstructingheisosurfices.

Additionally, two methodsare presentedo combineprojected
tetrahedralvolumeswith isosurfices. The time compleity of all
ouralgorithmss linearin thenumberof tetrahedranddoesneither
dependon the numberof isosurcesnor on the emplo/ed transfer
functions.

CR Categories: 1.3.3 [Computer Graphics]: Picture/lmage
Generation,l.3.5 [Computer Graphics]: ComputationalGeom-
etry and Object Modeling, 1.3.7 [Computer Graphics]: Three-
DimensionalGraphicsandRealism.

Keywords: Volume Rendering, Isosurfices, Unstructured
Meshes,Cell Projection, GraphicsHardware, Texture Mapping,
Compositing.

1 Introduction

Tenyearsagodirectvolumerenderingof unstructuredetrahedral
mesheswvas dramaticallyacceleratedy the ProjectedTetrahedra
(PT)algorithmby Shirley andTuchmar{21], whichis summarized
in Section2. Althoughtherearenumerouscompetingapproaches
to directvolumerenderingof unstructuredneshese.g.ray casting
[22], slicing [35], or sweep-plan@algorithms[27], several aspects
of the PT algorithmare still subjectof currentresearche.g.the
sorting of tetrahedrakells (see[5] and referencegherein). Our
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extensionsof the PT algorithm are restrictedto the renderingof
projectedetrahedra.

The original PT algorithm approximateghe opacity and color
betweenverticeslinearly resultingin Mach bandsas reportedby
Maxetal.in [14]. Steinetal. presente@solutionfor thecorrectin-
terpolationof opacitieautilizing 2D texturemappingin [24], which
is alsodiscussedh Section2. However, this methodis restrictecto
lineartransferfunctionsfor the opacityandstill interpolatesolor
componentéinearlyignoringthetransferfunctionsfor theminside
thetetrahedra.

Our first improvementof the PT algorithmallows us to render
both, opacityandcolor, accuratelyby exploiting 3D texture map-
ping. In particularthis methodallows usto emplg arbitrarytrans-
fer functions. The methodandits applicationto a volumedensity
optical modelis describedn Section3. In Section4 we derive
an approximaterenderingmethodbasedon 2D texture mapping,
whichis supportedy considerablymoregraphicssystemsandre-
quireslesstexture memory

A secondxtensionallows usto includetherenderingof isosur
facedn thePTalgorithmusing2D texturemappingwithoutextract-
ing apolygonalrepresentationf theisosuraces.Therearenumer
ousalgorithmsto displayisosuracesefficiently. We will mention
a selectionin Section5. However, noneof thesealgorithmstakes
ary particularadwantageof the PT algorithm. Therefore the costs
of displayinganisosurficewerenotreducecdy acombinationwith
the PT algorithmin the past.

Ourapproachhowever, reuseghevisibility orderingandthede-
compositionof the tetrahedratells, which arean essentiapart of
every variantof the PT algorithm. Thereare mary efficient algo-
rithms for the visibility ordering(see[5]), which all appearto be
compatiblewith our renderingextensions By reusingthe ordering
anddecompositiomf tetrahedraur methods capableof rendering
isosurficeswithout constructinga polygonalrepresentationAs it
is conceptuallysimilar to the first passof the multi-passalgorithm
for smoothlyshadedsosuracesby WestermanrandErtl [28], we
presentvariantof thisfirst passn Section6. We employ thisidea
in thecontet of the PT algorithmandpresent specializecsingle-
passalgorithmfor flat-shadedsosurficesusing2D texturemapping
in Section7. Moreover, atwo-passalgorithmfor smoothlyshaded
isosurficess describedn Section8.

Extensionsfor colored and multiple isosurficesare discussed
in Section9, while Section 10 presentdwo methodsfor mixing
isosurficeswith projectedvolume cells, either approximatelybut
smoothlyusingappropriatéblendingandtexture mappingor more
accurateljby modifying thetexture maps.

We emphasizehat the worst-casdime complexities of all our
methods,i.e. volume renderingwith arbitrary transferfunctions,
renderingof multiple andsmoothlyshadedsosurfices andmixing
of isosurficeswith projectedvolumecells,arelinearin thenumber
of tetrahedraand neitherdependon the transferfunctionsnor on
thenumberof isosurfces.



2 The PT Algorithm

ThePT algorithmvisualizesa scalarfunction f (X, y, z) definedover
aregion of three-dimensionalpaceby renderingpartially transpar
entpolygons,which canbe processedery quickly by specialized
graphicshardvare.

ThePT algorithmcanbe summarizedsfollows (seealso[21]):

1. Decomposehe volumeinto tetrahedrakells. Scalarvalues
aredefinedateachvertex of themesh.Insideeachtetrahedral
cell, f(x,y,2) is assumedo be a linear combinationof the
vertex values.

2. Sortthecellsaccordingo their visibility.

3. Classify eachtetrahedroraccordingto its projectedprofile
anddecomposé into smallertriangles(seeFigurel).
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Figurel: Classificatiorof non-dgeneratgrojectedetrahedrdtop
row) andthe correspondinglecompositiongbottomrow) accord-
ing to [21].

4. Find color and opacityvaluesfor the triangle verticesusing
ray integration.

5. Rendetthetriangles.

In the reminderof this sectionandin Sections3 and4 we will
only discussmethodsto improve the lasttwo points: ray integra-
tion andrenderingof the decomposedriangleswith emphasion
hardware-acceleratestndering.

Theoriginal PT algorithminterpolatesolorandopacitylinearly
betweerthe trianglevertices. This, however, is an approximation
which leadsto renderingartifactsasdemonstratedh [14, 24].

In orderto avoid theseartifactsSteinet al. suggestedh [24] to
usea 2D texture mapwith the texture coordinateeingthe aver
agedextinction coeficient T andthe thicknessl of the projected
cell, while the texture map containsan a-componenthich is set
to a = 1—exp(—1l). In betweerthe verticesof eachtrianglethe
texturecoordinategnd,thereforet andl areinterpolatedinearly;
thus,this approaclis restrictedto a linearly varying extinction co-
efficientt, i.e. alineartransferfunctiont = t(f(x,y,2)). Moreover,
the color is still linearly interpolatedbetweenvertices. Williams
etal. extendedtheseideasto piecavise lineartransferfunctionsin
[32].

3 PT with Accurate Opacity and Color

In this sectiona generalizatiorof the methodof Steinis presented
which works for color and opacity and placesno restrictionson

thetransferfunctions.We achieve thesebenefitshy emplg/ing 3D
texture mapping.
Let usstartby investigatinghe situationdepictedn Figure 2.
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Figure?2: Intersectinga tetrahedratell with a viewing ray. sf and
S, arethe scalarvalueson the entry (front) and exit (back)face
respectrely; | denoteghethicknesof the cell for thisray.

As texture coordinatesreinterpolatedinearly, we shouldonly
usevariables the valuesof which vary linearly with screencoor
dinates.We will restrictour considerationso orthographigrojec-
tions. In this casel varieslinearly for geometricreasonss; and
s, vary linearly becausehey areinterpolatedinearly betweerver-
ticesas mentionedabove. Therefore,ss, s,, and| shouldbe the
threetexture coordinates.Fortunately all othervalues,e.qg.color,
opacity etc.,canbecalculatedrom |, s¢, ands,. Thus,we canset
up a 3D texture mapwhich containsthe color andopacity charac-
terizingthe intersectiorof aray anda cell in dependencof I, sg,
ands,.

For mary applicationghecalculationof thetexturemapis apre-
processingtepand,therefore nottime-critical. Usuallyit includes
anumericaintegrationof arayfor eachtexel in the3D texturemap.
We sketchthe procedurdor the volumedensityopticalmodelpro-
posedby Williams andMax [13, 31, 32] with achromaticityvector
k =K(f(x,Y,2)) andascalaropticaldensityp = p( f(x,Y, z)), which
arethetransferfunctionsof this model.

Assumingcells are processedbackto front, the additionof the
projectionof a cell changesanexisting pixel color | to anew pixel
color |’ by theformula(compareEquation(4) in [31])
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with theabbreiation

S(X) =st+ if(sb—sf).

RGB3p denoteghe color componentgnotethatk is a vector),
andaysp the opacityof anentry in the 3D texture map. RGB3p
andazp dependon thetexture coordinates, s¢, s, andthetrans-
fer functionsk andp. Thus, the texture map hasto be updated
wheneer thetransferfunctionsaremodified.

It is anintrinsic limitation of our methodthatk andp have to
dependon the samescalarfield. However, we are not limited to
this optical model; for examplethe model of Wilhelms and Van
Gelder[13, 29, 32] could be implementedby simply replacing
K(s(t))p(s(t)) by a differentialcolor vectorE(s (t)) (or g(s (t))
in thenotationof [13, 32)).



After the calculationof thetexture mapin a preprocessingtep,
all tetrahedrareprojectedrom backto front. Beforerenderinghe
trianglesof oneprojectedetrahedronthethreetexture coordinates
aresetfor eachvertex of thetriangles.Thenthey areblendedappro-
priatelyinto the framebuffer. The blendingoperationcorresponds
to

"= RGB[gD—I—(l—Gth) x 1,

andis donevery efficiently by todays graphicshardvare.

We give a syntheticexampleof this renderingmethodin Fig-
ure 3. Thescalarvaluesattheverticesof thevisualizedtetrahedral
mesharedeterminedy thedistanceof eachvertex to thesurfaceof
asphereThetransferfunctionof theopacityis 0 exceptfor asmall
interval, whichresultsin thetwo partially opaqueingsin Figure3.

In summaryour methodallows usto exploit hardware-supported
3D texture mappingin orderto renderprojectedetrahedravithout
theneedto doary time consumingcalculationdor eachpixel. Our
approachs notasaccurateasray-castingalgorithmsor thehigh ac-
curag (HIAC) volumerenderingsystendescribedn [32] because
of limited texture memory and non-lineartransformationsn the
caseof perspectie projections.Especiallylimited texture memory
will limit thesizeof the 3D texture mapresultingin alessaccurate
resamplingof the transferfunctions. Within this limited accurag,
however, arbitrarytransferfunctionsmaybe usedwithout affecting
therenderingtimes,whereaghe performancef the HIAC system
dependscrucially on the chosentransferfunctions. In particular
thin peaksare possiblewithin our approachresultingin unshaded
isosurbcesasdemonstratedh theappendix.

Figure 3: Visualization of a
synthetic data set with non-
linear transferfunctionsimple-
mentedwith a 3D texture map
of dimensions64 x 64 x 64 (1
MB).

Figure 4: Samedatasetasin

Figure 3 but renderedusing a

2D texture map of dimensions
256x 256 (256 KB). (SeeSec-
tion4.)

4 A New Approximation for PT

As hardware-supporte@D texture mappingis only availableon a
few graphicsworkstations,andthe 3D texture mapsthat are em-
ployedin Section3 needrathermuchtexture memory we will de-
scribeanew approximatiorto therenderingof projectedetrahedra
using 2D texture mapping,which interpolateghe opacitylinearly.
However, this methodallows usto usearbitrarytransferfunctions,
while existing hardware-acceleratesbolutionsarelimited to linear
transferfunctionswithin eachcell (e.g.[24]).

The basicideais to approximatethe dependenciesf the inte-
gralsin Equation(1) on| by linearterms,andto implementthese
termsby amodulationof thevertex colors. Theremainingintegrals
dependnly ons; ands,, andcanthusbetakulatedin a 2D texture
map.

Thedependenciesn! in Equation(1) becomeamoreexplicit with
thevariablesubstitutions’ =t/l andu’ = u/I:

" = I/Olexp<—l/ov p(sl(u’))du’>

x K(s(t')p(sy(t))dt’
1
—s-@(p(—l/o p(&(t’))dt’) x1.

For | = 0 this equationreducesto I’ = 1. For given p, K, s¢ and
s We evaluatethe integrals for anothervaluel =T = const and
extrapolatelinearly in I. The optimal choiceof | dependn the
particularapplicationbut settingl equalto the averagecell thick-
nesshasprovento be a goodapproximation.The 2D texture map
is definedby

Rodzo = 1 [ ew (-1 ‘ plai( )
X K(s1(t'))p(su(t))et, @)
Opp = 1—exp (-I/()lp(&(t'))dt'>

andis modulatedby colorsat the verticeswith the RGBa compo-
nentssetequalto (I1/1,1/1,1/1,1/1). In practicewe arescalingthese
colorsby the maximumopacityvaluein the texture mapin order
to avoid clampingfor valuesl > |. This scalingis compensated
by multiplying the entriesin the texture map with the reciprocal
value. The combinedeffect of texturing andblendingwith appro-
priateblendingcoeficients(e.g.in OpenGLGL_ONE for thesource
blendfactorand GL_ONE_M NUS_SRC_AL PHA for the destination
blendfactor)is

| |
"= 7 x RGBp + (1— i ><‘-'1’[2D> x1,

whichis our new approximatiorof Equation(1).

Ontheonehand,this approximatiorresultsin artifactsbecause
of the linearinterpolation(see[24]), on the otherhand,the useof
2D texture mappingenableasto utilize largertexture mapscom-
paredwith the 3D texture mapsemplgredin Section3 resultingin
animprovedresamplingdf thetransferfunctions.

Figure4 shaws the syntheticexamplefrom Figure 3 using2D
insteadof 3D texture mapping. The linear approximationresults
in slightly smalleropacitiesresultingin lighter colors, while the
improvedresamplingesultsin sharpeedgeof thestructuregien-
eratedby the transferfunctions. The middle imagein Figure 13
representsin exampleof a 2D texture map generateby Equation
).
Thefollowing sectiongdiscussanindependenéxtensionof the
PT algorithm capableof displayingsmoothlyshadedisosurfices
without vertex interpolations.Additionally, two methodsare pre-
sentedo combineprojectedetrahedravith opagudsosuraces.

5 Prior Work about Isosurfaces

For anin-depthintroductioninto currentresearctaboutisosurbices
thereaderis referredto [1]. Isosurficesareanindispensabléool

in volumevisualization althoughdirectvolumerenderingncludes
muchmoreinformationin one picture. However, isosurficesare
preferredfor mary applicationsasthey areusuallymorecompre-
hensible. Thus, direct volume renderingtechniquesare often ex-

tendedwith isosurcesin orderto combinethe adwantage®f both
techniques.



In their descriptionof the PT algorithm[21] Shirley and Tuch-
mansuggestedo calculateisosuricesbasedon a marchingtetra-
hedraalgorithmsimilar to the marchingcubesalgorithm[12, 34].
The combinationof thesealgorithmsmales it possibleto render
isosurfceswith ary degreeof transparencasnotedin [21].

However, researclon marchingcellsalgorithmsconcentratedn
reducinghenumberof cellstestedor intersectionsvith theisosur
face[2, 3,4, 11, 19, 20, 30] andon simplifying thepolygonalmesh
representingheisosurfce[7, 10, 15,16,18].

Insteadof reducingthe numberof polygonspoint-basedalgo-
rithmsfor theextractionof isosurbiced6, 9, 17, 23] donotproduce
ary polygons. Westermanrs multi-passalgorithmfor shadedso-
surfaceq28] alsodoesnot construcia polygonalrepresentatioof
the isosurfice. As our algorithmis basedon the sameidea, we
presenthe commonconceptin Section6 beforediscussingur al-
gorithmin Section?.

6 A Hardware-Accelerated
Cells Algorithm

Marching

This sectiondiscusses variant of the first passof Westermanrs
algorithmfor shadedsosuracesin unstructuredyrids [28]. The
algorithmpresentederesetsall pixels of the silhouetteof anin-
tersectiorof anisosurbicewith atetrahedratell. Figure 5ashavs
theresultingsilhouettewhile Figures5band5c shav intermediate
stepsof thealgorithm.
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Figure5: Thepolygonof anisosurfice(isovalue0.5)within atetra-
hedralcell (a) canbe obtainedby an XOR combinationof the two
pictures(b) and(c). (b) shavs the partsof the backfacesof the
cell with scalarvaluelessthan0.5. (c) is theanalogueo (b) for the
front faces.

The first stepis to renderthosepartsof the back facesof the
cellwheretheinterpolatedscalarvalueis lessthantheisovalue(see
Figure5b). Utilizing OpenGLthis canbeachieredby settingthea-
componentsf thevertices’colorto thescalavaluesandactivating
anappropriaten-test. Thenthe front facesarerenderedn exactly
the sameway, i.e. againonly thosepartsare renderedwherethe
interpolatedscalavalueis lessthantheisovalue(seeFigure5c). By
combiningbothpictureswith anexclusve-OR(XOR) operatiorthe
correctsetof pixelsis obtained.Using OpenGLan XOR operation
canberealizedwith the help of a 1-bit stencilbuffer by inverting
its contentsvheneer a pixel passeshea-test.

Note thatthe resultis not sensitve to the orderof the polygon
renderingj.e. thebackandfront facescouldberenderedn ary or-
der Theresultis alsothesameif thea-testis invertedfor all faces,
i.e. if thosepartsof the polygonsarerenderedvherethe interpo-
latedscalarvalueis greaterthantheisovalue. Westermanis origi-
nal algorithmdiffersin sofar asthe a-testis invertedfor the back
facesonly andthe picturesarecombinedwith an AND-operation.
However, this requiresadditionalpassesn orderto generateéboth
facesof theisosurhce.

In summangthis algorithmrequiresherenderingof all frontand
backfacesin orderto setthe stencilbuffer andto rendereitherthe
front or thebackfacesoncemorefor flat-shadedsosuraices.Thus,
for a tetrahedrakell five to seven triangleshave to be rendered,

while a polygonalrepresentationf theisosurficein a tetrahedron
needsonly oneor two triangles. Therefore the advantageof inter-
polatingthe scalardatawith the help of OpenGLhardwareis more
thancompensatetly the needto renderadditionalpolygons.
Thesituationis, however, fundamentallydifferentin the context
of thePT algorithmaswill bediscussedh thefollowing section.

7 Flat-Shaded Isosurfaces

As mentionedn Section2 the PT algorithm[21] triangulateshe
projectionof tetrahedrasshavn in Figurel. However, insteadof
referingto atriangulationof the projectedsilhouetteinto triangles,
we canaswell think of adecompositiorof the original tetrahedron
into smallertetrahedrawhich are projectedafter the decomposi-
tion. Theprojectionsof thesesmallertetrahedrareall of thesame
kind: Two facesaredegenerat@ndtheothertwo facesareprojected
ontothe same(non-dgeneratejriangle. This obseration enables
usto reducethe algorithmpresentedn Section6 to a single-pass
algorithmfor thesetetrahedraising2D texture mapping.

As explainedin Sectionb pixelsaresetif andonly if theinterpo-
latedscalarvalueof eitherthe backor thefront faceis lessthanthe
isovalue. As notedthe backandfront faceare projectedonto the
sametriangle. Therefore|t is sufiicient to renderthis triangle us-
ing a checlerboard-like, two-dimensionatexture mapasshavn in
theright-handcolumnof Figure6 with thetwo texture coordinates
correspondingo theinterpolatedscalarvalueof thebackandfront
face respectiely. (SeetheappendiXor analternatve derivationof
this 2D texturemap.)
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Figure 6: Projectedtetrahedramiddle column)with flat-shaded
isosurficesfor isovalues0.75 (top row), 0.5 (middle row), and0.3

(bottomrow). The left-hand column shaws the sametetrahedra
slightly rotatedwith scalardataat the vertices. Thesevaluesde-

fine the texture coordinatedncludedin the picturesof the actual

projectionsin the middle column. The right-handcolumn shavs

the correspondingexture mapsincludingthetrianglesin the space
of texturecoordinates.

Thefirst texturecoordinatecorrespondto thescalawvalueonthe
front faceandthe secondexture coordinateto the scalarvalueon
thebackface.As thescalamdataareinterpolatedinearly, thetexture



coordinateshouldalsobeinterpolatedinearly. Perspectie correc-
tions of texture coordinateshould,therefore be disabled.Actual
valuesof texture coordinateave to be specifiedat the verticesof
the triangle and are determinedby the scalardatadefinedat the
verticesof the projectedtetrahedron(Seethe left-handcolumnin
Figure6 for thescalardatadefinedattheverticesof thetretrahedron
andthemiddlecolumnfor theresultingpairsof texture coordinates
attheverticesof theprojectedriangle.)If thescalardataarenotin
theappropriataangefor texture coordinatesthe valueshave to be
scaledaccordingly However, this canbe donein a preprocessing
step.

The texture itself hasto determinethe a-component,i.e. the
opacity which hasto be 1 for opaqueisosurbiceswheneer either
the first or the secondexture coordinateis lessthanthe isovalue,
and0 otherwise(seethe right-handcolumnof Figure6). As this
passdoesnot allow ary kind of smoothshading,we emplo flat
shading,i.e. the RGB-componentsf the color of the triangle are
constant.

Unfortunately edgesof isosuracepatcheswithin triangles(see
themiddle columnof Figure6 for someexampleswill causeren-
deringartifactsasthereis no mechanismwhichalignsthemexactly
to the correspondingdgesin the projectedtetrahedran front or
behind. We canavoid gapsby slightly modifying the texture map,
effectively ‘thickening’ theisosurfice. This eliminatesartifactsfor
opaqueisosurfices;for partially transparenisosurices however,
this will visually enhanceadgesof the tetrahedraimeshby ren-
dering pixels twice. In fact theseedgeshelp to comprehendhe
three-dimensionastructureof flat-shadedsosurfices. Nonethe-
less,remaving theseartifactsfor partially transparentsosurices
is anopenproblemandrequiresadditionaleffortsin thefuture.

8 Smoothly Shaded Isosurfaces

Our algorithmfor smoothlyshadedsosurfcesis againa variant
of the correspondingrasse®f Westermanrs algorithmfor shaded
isosurficesin unstructuredyrids [28]; however, thereare several
crucialdifferencesFor eachtrianglethe stepsof ouralgorithmare:

1. Renderthe shadedbackfacetrianglerestrictedto theisosur
facesilhouetteasdiscussedh Section?.

2. Repeatheprecedingstepfor thefront facetriangle.
3. Formtheweightedsumof thetwo pictures.

The weightsdiffer for eachpixel asthey dependon the relative
distance®f theisosuraceto the front andbackface,respectrely
(seeFigure 7). For reasonswvhich will becomeclearin the next
paragraphlet a denotethe weight of a pixel of the front triangle.
Accordingto Figure7 theweighta is

o — Sso— S
St — %

for sf<Ssp<S Or Sf>Ss0>%

with the isovalue Sgo; Sf ands, weredefinedin Section3. The
weightof a correspondingixel on the backfacetriangleis 1— a.
While weightsfor all pixelswerecalculatedn softwarein [28], we
arecalculatingtheweightedsumcompletelyin hardware.

We still usethe 2D texture mapof Section7 for the backface
trianglebut employ a modifiedversionof this texture mapfor the
frontfacetriangle. Thisnew texturemap(seeFigure8 for anexam-
ple) is modulatedwith the weightsa. As the original texture map
containsonly opacity valuesO and 1, this modulatedmapin fact
storestheweightsa = E==2 for thefront facetriangle. (Remem-
berthats; ands, arethe texture coordinatesand that the texture

map alreadydependsn ss.) Thus, the weightsa in fact spec-
ify opacities.Usingthis texture mapwhenrenderingthe front face

v

Figure 7: Renderingsmoothly shadedisosurbces by shading
the back and front facetriangle, and forming the weightedsum.
Weightsare symbolizedby gray scalesandare determineddy the
relative distance®f thefront andbackfacego theisosurfcegiven

by (Sso— %)/ (St —Sp) and(Siso — St )/ (Sh — St ) respectiely.

triangle and blendingit appropriatelyonto the opaquebackface
trianglegeneratesherefore the correctweightedsumof bothtri-
angles.
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Figure 8: A 2D texture map
usedfor a front face triangle;
black correspondgo opacity 1
(opaque), white to opacity 0
(transparent). It is a modula-
tion of thelower texture mapin
Figure 6 with the weightsa =

Siso—S .
oy andsgo = 0.3.

Figure9: Thecorrectcombina-
tion of the texture mapsfrom
Figure 6 into a single texture
map for multiple isosurfces.
(SeeSection9.)

Thus,our algorithmfor smoothlyshadedsosurficescanbere-
formulatedin two passegor eachtetrahedron:

1. Renderthe shadedackfacetrianglerestrictedto the isosur
facesilhouette (SeeSection?.)

2. Blendthe shadedront facetrianglemodulatedvith atexture
map containingthe correctweightsonto the backfacetrian-
gle.

Specialcarehasto be taken with verticesfrom the decompo-
sition of projectedtetrahedrapecausdhey canresultin artifacts
similar to thoseinducedby hangingnodes.Therefore the color of
avertex insertedbetweertwo verticesof themeshhasto beequatlto
thecolorgeneratedby thegraphicshardwareinterpolatingbetween
thesevertices.

The algorithmwas usedin Figure 10 to renderseveral iSosur
facesof differentcolorsasexplainedin thefollowing section.



Figure 10: Severalisosurfices Figure 11: Smooth combina-
extracted from the data set tion of Figures4 and10. (See
shawn in Figures3 and4. Section10.)

9 Colored and Multiple Isosurfaces

The techniquegresentedn Sections7 and 8 canbe extendedto
coloredandmultiple isosurfices.Coloring canbe achieved by set-
ting the vertex colorsto white and modulatingthemwith colored
RGBua texturemaps.Thetwo facesof anisosurficecanbecolored
independenthpy choosingdifferentcolorsfor texelswith s > s,
andss < s, respectiely.

An exampleof a texture mapfor multiple isosurficesis given
in Figure9, which shavs the combinationof the (colored)texture
mapsfrom Figure6. The'visibility ordering’is easyto understand:
For s; < s, weview alongthegradientof the scalarfield, thusiso-
surfacesfor smallerisovaluesoccludethosefor greaterisovalues,
andvice versafor s > .

Assumingthatall cells arerenderedthe numberof isosurfices
n in thetexture mapdoesnot affecttherenderingime. For opaque
isosurfcesour methodshareshis featurewith Westermanrs al-
gorithmfor multiple isosuraceq26], while ray-castingapproaches
dependat leastlogarithmicallyon n. For partially transparentso-
surfacesour methoddoesstill not dependon n while the depen-
deng of ray-castingapproacheshangego n.

10 Mixing Isosurfaces with Projected Vol-
umes

It wasclaimedthatrenderingmixturesof opaquepolygonsandvol-
umetric datais straightforvard, e.g.in [8]. This claim, howvever,
doesnot apply to ary cell projectingapproachincluding the PT
algorithm, since specialattentionhasto be paid to partially oc-
cludedcells. In [32] Williams et al. suggesto slice eachcell at
userspecifiedsovalues.Thetime compleity of thismethod how-
ever, dependdinearly on the numberof isosurfices.As we noted
in Section9 thetime compleity of our algorithmdoesnot depend
onthenumberof isosurficesthereforewe proposdwo alternatve
methodsf mixing isosurbcesandprojectedtetrahedrawhich are
moreappropriaten this context.

The algorithmpresentedn Section8 allows usto smoothlyin-
cludeprojectedtetrahedray renderingthemafterthe correspond-
ing backfacetriangleandbeforethefront facetriangle. This order
ensureshattheprojectedvolumeis completelyoccludedvherethe
front facetriangleis opaquej.e. wheretheisosurfceis in front of
the volume at the front face, and that the volume is not affected
wherethe front faceis transparenti.e. wherethe isosurfceis be-
hind the volumeat the backface. Figure 7 illustratesthis correla-
tion: Therelative thicknessof the occludedpartof thetetrahedron
(white) correspondso theweightof thefront face(left grayscale).

An exampleemplag/ing this methodis givenin Figure11, which
mixestheisosuracesof Figure 10 with the projectedtetrahedraf
Figure4. More realisticexamplesarepresentedn Figuresl4, 16,
and17. Figure13 compriseghethree2D texture mapsrequiredto
renderthe NASA Bluntfin dataset(Figure 14).

Although our approachavoids discontinuities,it is not com-
pletely accuratewith respecto correctray integration. Therefore,
we developeda morerigorousmethod.For opaqueasosurficesthe
ray integrationin Equation(2), respectiely Equation(1) if 3D tex-
ture mappingis emplgyed, hasto be stoppedassoonasoneof the
isovaluesis reachedj.e. for 5 (t) = ss0 (SeeFigure 7). By ren-
deringthe isosurficesfor eachtrianglefirst (eitherin one passfor
flat-shadedsosuracesor two passesor smoothlyshadedsosur
faces)followed by the projectedvolumewith the modified2D or
3D texturemap,we areableto generat@naccurateicture.

An exampleof a 2D texture mapgeneratedhis way is shavn in
Figure 15 which correspondso the middle texturein Figure 13.
Theisosurbicesmanifestthemselesin transparenvertical stripes
which correspondo a scalarvaluess on the front faceof atetra-
hedronslightly greatethanoneof theisovalues.In Figure12 this
techniquds usedto visualizethe opacityof the correspondin@D
texturemapof Section 3.

Bothmethodgresentedh this sectioncanbegeneralizedo par
tially transparenisosurfices.

Figure12: Visualizationof the opacityof the 3D texture mapthat
correspondso the 2D texture mapin Figure15. Theadditionaldi-
mensiorparameterizethelengthof theviewing ray within atetra-
hedralcell. Theisosuracerepresentgpacityvaluesof 0.25.

11 Results

With hardware-acceleratetxture mappingthe directvolumeren-
deringmethod9resentedn Sections3 and4 areessentiallyasfast
asexisting implementationf the PT algorithm. We emphasize
thatthe renderingtimesfor our methodss not affectedby the par
ticulartransferfunctionsemplo/ed.

Our extensionsof the PT algorithmare hardto comparewith
“non-PT” algorithmsfor directvolumerendering,e.g.approaches
basedon slicing, becausehe mosttime critical stepof the PT al-
gorithmis thesortingof thetetrahedrawhichis notaffectedby the
extensiongresentedh this paper

Thealgorithmsfor therenderingof isosurbcesdescribedn Sec-
tions 7 and 8 dependon the correctsorting and decomposition
of thetetrahedratells, while mostof the algorithmsmentionedn
Section5 donotrequireary sortingor decompositiorf tetrahedra.



Moreover, we did not attemptto reducethe numberof cellstested
for intersectionsvith theisosurfice. Thus,mostof the algorithms
mentionedn Section5 will usuallybe fasterthanour currentim-
plementatiorif usedto renderonly a singleisosurfice. However,
asourworst-caseenderingime doesnotdependn the numberof
isosurbcesour methodwill outrunmostof the otheralgorithmsif
thenumberof isosurficess largeenough(seealsoTablel).

Moreover, our renderingalgorithmsgreatlybenefitfrom acom-
binationwith projectedvolumecellsasdescribedn Sectionl0 be-
causethe sortinganddecompositiorof tetrahedraanbereusedn
this scenario.Thus, the inclusionof isosurficesin a visualization
applicationbasedon the PT algorithmis almostfor free. As the
renderingin our methodsincludesextractionand triangulationof
theisosurfice, therenderingiime (without sortinganddecomposi-
tion of tetrahedraghouldbe comparedo the sumof the extraction,
triangulation,andrenderingtimesof otheralgorithms. Additional
efforts requiredby otheralgorithmsfor partially transparenisosur
facesandmixing with volumecells shouldalsobe consideredn a
fair comparison.

no.isosurbces| no.cells | flat-shaded| smoothlyshaded
1 14,729 0.09sec. 0.22sec.
2 25,361 0.20sec. 0.41sec.
10 25,361 0.20sec. 0.41sec.

Table 1: Renderingtimes (including ‘extraction’ and ‘triangula-
tion’) for isosurbicesdrom theNASA bluntfindataset. Thenumber
of cellsrefersto thenumberof tetrahedrantersectedy atleastone
isosurfice.Timingsfor thesortinganddecompositiorof tetrahedra
arenotincludedasthesestepsarealreadydoneby the original PT
algorithmwithout our extensions.

Therenderingimesin Tablel wereobtaineconanOctaneMXE
with anMIPSR10K250MHz CPU.Theisosurfceswereextracted
from theNASA bluntfindataset,whichwascorvertedinto 187,395
tetrahedra. An image with threeisosuracesis depictedin Fig-
ure 14. Clearly the renderingtimesfor flat-shadedsosurficede-
pendon the numberof intersectedetrahedrgno double-counting)
insteadof the numberof isosurbices.Smoothlyshadedsosurices
requireabouttwice asmuchtime because¢he backandfront faces
have to berenderedseparately

For a single, smoothlyshadedsosurfice our renderingtime is
closeto the 0.2 secondseportedoy Westermaniin [28]. Theren-
deringperformances comparableo the resultsof Wittenbrinkin
[33].

12 Conclusion

We presentedh hardware-acceleratedut accurateway of render
ing projectedtetrahedraising3D texture mapping.We expectthis
methodto becomemoreattrative as3D texture mappinghardware
becomesnorewidespreadAs an alternatve we derived a lessac-
curatemethodusing2D texturemapping.Both methodsallow usto
emplg arbitrarytransferfunctions,which is importantfor several
volume visualizationtechniques.g. the extraction of unshaded
isosurficeswith appropriataransferfunctions.

A seconckextensionto the PT alogrithmallows usto rendemul-
tiple isosuricesvhichmaybepartially transparentolored,and/or
smoothlyshaded.The generatiorof theseisosurbicesdoesnot re-
quiretheexplicit calculationof new verticesandneednly afrac-
tion of thecomputatiortime of the PT algorithm.

We have alsodescribedwo methodso combinesosuraceswith
projectedvolumecells. In this caseour approacho renderingiso-
surfacesratherthanextractingthemis muchfasterthantraditional
techniques.

Furthermorewe expectthe possibilityof interactively rendering
dozensor hundredsof isosurficesin combinationwith projected
volumecellsto beusefulfor visualizingdatasetswhich arelessef-
fectively visualizedby directvolumerendering e.g.thedisplayof
multiple time surfacesin flow visualizationaspresentedy West-
ermann26].

Finally, we would like to point out that our methodsare espe-
cially suitedfor low-level graphicsAPIs; therefore,they would
greatlybenefitfrom animplementatiorof the PT algorithmin hard-
ware. In particularthe calculationof the verticesof the decom-
posedetrahedrancludingtheinterpolationof gradientsandscalar
valuesatthenew verticescouldbetremendouslacceleratedSup-
plementedwith an API thatalsoincludesutility functionsfor the
generatiorof suitabletexture mapssucha hardwareimplementa-
tion of the PT algorithmwould allow programmergo quickly de-
velop very fastandpowerful volumevisualizationapplicationgor
structuredandunstructureaneshes.
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Appendix

This appendixdemonstratethe extractionof unshadedsosuraces
with the techniquepresentedn Section3 by choosingan appror

iate transferfunction p. As a side effect the 2D texture mapsof

Section7 revealthemselesasspecialcasef the 3D texture map
of Section 3.

In orderto extract the isosurficefor anisovalue s, we have
to setp(s) = 0 for s # sgo and“p(Siso) = ©”. Formally, we set
p(s) = Cd(s— siso) With alarge constanC andDirac’s deltafunc-
tion d(x) (see[25]); multiple isosurfcescorrespondo a sum of
deltafunctions.As K(So) is constantye areonly interestedn the
valueof a asdefinedin Equation(1):

I
1-a = exp(—/o p(s(t))dt>
' t
= @(p(—/oCé(sf+|—(sb—sf)—sso)dt>
I L
= exp(—/C‘ ! 5(t—|M)dt)
0 |S—Sf S — St
R ES)
Sp — St St —S
withC' =C ‘ sblsf ‘ andtheHeavisidestepfunctionH (x) (se€[25]).

Thus,for C — o we obtain

a=H (Sso—sf) H (Sso—sb> ’
Sp— Sf St —S
whichis independentf I. Thedependencons; ands, is already
visualizedin the texture mapsshowvn in Figure6. Olviously, the
2D texture mapsusedin Section7 arein fact specialcasef the

3D texturemapof Section3. However, the derivation presentedn
Sectionss and7 appearso bemoreintuitive andcomprehensible.
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Figure13: These2D texture mapsof dimension2256x 256 wereusedto renderthe Bluntfin datasetdepictedoelon. Theleft
andright textureswereemplgred to renderthe backandfront facetriangles,whereaghe projectedvolumewasgeneratedy
the middle texture. The texels on the diagonalof this texture representhe transferfunctions. Black pixelsin theseimages

correspondo completelytransparentexels.

~ B

Figure15: 2D texture mapcorrespond-
ing to the middle texture of Figure 13
but with the integration stoppedat the
isovalues.

Figure 14: Visualizationof the Bluntfin datasetwith threeisosurfices
mixedwith projectedtetrahedra.

Figurel7: A CT scanof abonsai:Leavesarevisualizedby
directvolumerendering while the trunk andthe branches
areshavn by thebrown isosurfce.

Figure16: A visualizationof an MRI headscan. Theiso-
surfacedepictssoft tissuelocatedin the cheeksandbehind
theeye balls.



