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Abstract

We presenttwo beneficialrenderingextensionsto the Projected
Tetrahedra(PT) algorithmby Shirley andTuchman.Theseexten-
sionsarecompatiblewith any cell sortingtechnique,for example
theBSP-XMPVO sortingalgorithmfor unstructuredmeshes.

Using 3D texture mappingour first extensionsolves the long-
standingproblemof hardware-acceleratedbut accuraterendering
of tetrahedralvolumecellswith arbitrarytransferfunctions.

By employing 2D texturemappingoursecondextensionrealizes
thehardware-acceleratedrenderingof multiple shadedisosurfaces
within thePTalgorithmwithout reconstructingtheisosurfaces.

Additionally, two methodsarepresentedto combineprojected
tetrahedralvolumeswith isosurfaces. The time complexity of all
ouralgorithmsis linearin thenumberof tetrahedraanddoesneither
dependon thenumberof isosurfacesnor on theemployedtransfer
functions.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation,I.3.5 [Computer Graphics]: ComputationalGeom-
etry and Object Modeling, I.3.7 [Computer Graphics]: Three-
DimensionalGraphicsandRealism.

Keywords: Volume Rendering, Isosurfaces, Unstructured
Meshes,Cell Projection,GraphicsHardware, Texture Mapping,
Compositing.

1 Introduction

Ten yearsagodirectvolumerenderingof unstructuredtetrahedral
mesheswasdramaticallyacceleratedby the ProjectedTetrahedra
(PT)algorithmby Shirley andTuchman[21], which is summarized
in Section2. Althoughtherearenumerouscompetingapproaches
to directvolumerenderingof unstructuredmeshes,e.g.ray casting
[22], slicing [35], or sweep-planealgorithms[27], several aspects
of the PT algorithmare still subjectof currentresearch,e.g. the
sorting of tetrahedralcells (see[5] and referencestherein). Our�
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extensionsof the PT algorithm are restrictedto the renderingof
projectedtetrahedra.

The original PT algorithmapproximatesthe opacityandcolor
betweenverticeslinearly resultingin Mach bandsas reportedby
Maxetal. in [14]. Steinetal. presentedasolutionfor thecorrectin-
terpolationof opacitiesutilizing 2D texturemappingin [24], which
is alsodiscussedin Section2. However, thismethodis restrictedto
linear transferfunctionsfor theopacityandstill interpolatescolor
componentslinearly ignoringthetransferfunctionsfor theminside
thetetrahedra.

Our first improvementof the PT algorithmallows us to render
both,opacityandcolor, accuratelyby exploiting 3D texturemap-
ping. In particularthismethodallowsusto employ arbitrarytrans-
fer functions. Themethodandits applicationto a volumedensity
optical model is describedin Section3. In Section4 we derive
an approximaterenderingmethodbasedon 2D texture mapping,
which is supportedby considerablymoregraphicssystemsandre-
quireslesstexturememory.

A secondextensionallowsusto includetherenderingof isosur-
facesin thePTalgorithmusing2Dtexturemappingwithoutextract-
ing apolygonalrepresentationof theisosurfaces.Therearenumer-
ousalgorithmsto displayisosurfacesefficiently. We will mention
a selectionin Section5. However, noneof thesealgorithmstakes
any particularadvantageof thePT algorithm. Therefore,thecosts
of displayinganisosurfacewerenotreducedby acombinationwith
thePTalgorithmin thepast.

Ourapproach,however, reusesthevisibility orderingandthede-
compositionof thetetrahedralcells,which areanessentialpartof
every variantof the PT algorithm. Therearemany efficient algo-
rithms for the visibility ordering(see[5]), which all appearto be
compatiblewith our renderingextensions.By reusingtheordering
anddecompositionof tetrahedraourmethodis capableof rendering
isosurfaceswithout constructinga polygonalrepresentation.As it
is conceptuallysimilar to thefirst passof themulti-passalgorithm
for smoothlyshadedisosurfacesby WestermannandErtl [28], we
presentavariantof thisfirst passin Section6. Weemploy this idea
in thecontext of thePTalgorithmandpresentaspecializedsingle-
passalgorithmfor flat-shadedisosurfacesusing2Dtexturemapping
in Section7. Moreover, a two-passalgorithmfor smoothlyshaded
isosurfacesis describedin Section8.

Extensionsfor coloredand multiple isosurfacesare discussed
in Section9, while Section 10 presentstwo methodsfor mixing
isosurfaceswith projectedvolumecells, eitherapproximatelybut
smoothlyusingappropriateblendingandtexturemappingor more
accuratelyby modifying thetexturemaps.

We emphasizethat the worst-casetime complexities of all our
methods,i.e. volume renderingwith arbitrary transferfunctions,
renderingof multipleandsmoothlyshadedisosurfaces,andmixing
of isosurfaceswith projectedvolumecells,arelinearin thenumber
of tetrahedraandneitherdependon the transferfunctionsnor on
thenumberof isosurfaces.



2 The PT Algorithm

ThePTalgorithmvisualizesascalarfunction f � x � y � z � definedover
aregionof three-dimensionalspaceby renderingpartially transpar-
entpolygons,which canbeprocessedvery quickly by specialized
graphicshardware.

ThePTalgorithmcanbesummarizedasfollows (seealso[21]):

1. Decomposethe volumeinto tetrahedralcells. Scalarvalues
aredefinedateachvertex of themesh.Insideeachtetrahedral
cell, f � x � y � z � is assumedto be a linear combinationof the
vertex values.

2. Sortthecellsaccordingto their visibility.

3. Classify eachtetrahedronaccordingto its projectedprofile
anddecomposeit into smallertriangles(seeFigure1).

class  1a class 1b class 2

Figure1: Classificationof non-degenerateprojectedtetrahedra(top
row) andthe correspondingdecompositions(bottomrow) accord-
ing to [21].

4. Find color andopacityvaluesfor the triangleverticesusing
ray integration.

5. Renderthetriangles.

In the reminderof this sectionandin Sections3 and4 we will
only discussmethodsto improve the last two points: ray integra-
tion andrenderingof the decomposedtriangleswith emphasison
hardware-acceleratedrendering.

TheoriginalPTalgorithminterpolatescolorandopacitylinearly
betweenthe trianglevertices.This, however, is an approximation
which leadsto renderingartifactsasdemonstratedin [14, 24].

In orderto avoid theseartifactsSteinet al. suggestedin [24] to
usea 2D texturemapwith the texturecoordinatesbeingthe aver-
agedextinction coefficient τ and the thicknessl of the projected
cell, while the texturemapcontainsan α-componentwhich is set
to α � 1 	 exp �
	 τl � . In betweenthe verticesof eachtrianglethe
texturecoordinatesand,therefore,τ andl areinterpolatedlinearly;
thus,this approachis restrictedto a linearly varyingextinction co-
efficientτ, i.e.a lineartransferfunctionτ � τ � f � x � y � z �
� . Moreover,
the color is still linearly interpolatedbetweenvertices. Williams
et al. extendedtheseideasto piecewise lineartransferfunctionsin
[32].

3 PT with Accurate Opacity and Color

In this sectiona generalizationof themethodof Steinis presented
which works for color and opacity, and placesno restrictionson

thetransferfunctions.We achieve thesebenefitsby employing 3D
texturemapping.

Let usstartby investigatingthesituationdepictedin Figure 2.

l
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Figure2: Intersectinga tetrahedralcell with a viewing ray. s f and
sb are the scalarvalueson the entry (front) and exit (back) face
respectively; l denotesthethicknessof thecell for this ray.

As texturecoordinatesareinterpolatedlinearly, we shouldonly
usevariables,the valuesof which vary linearly with screencoor-
dinates.Wewill restrictour considerationsto orthographicprojec-
tions. In this casel varieslinearly for geometricreasons;s f and
sb vary linearlybecausethey areinterpolatedlinearlybetweenver-
ticesasmentionedabove. Therefore,s f , sb, and l shouldbe the
threetexture coordinates.Fortunately, all othervalues,e.g.color,
opacity, etc.,canbecalculatedfrom l, s f , andsb. Thus,we canset
up a 3D texturemapwhich containsthecolor andopacitycharac-
terizingthe intersectionof a ray anda cell in dependency of l, s f ,
andsb.

Formany applicationsthecalculationof thetexturemapis apre-
processingstepand,therefore,not time-critical.Usuallyit includes
anumericalintegrationof arayfor eachtexel in the3Dtexturemap.
Wesketchtheprocedurefor thevolumedensityopticalmodelpro-
posedby Williams andMax [13, 31, 32] with achromaticityvector
κ � κ � f � x � y � z �
� andascalaropticaldensityρ � ρ � f � x � y � z ��� , which
arethetransferfunctionsof thismodel.

Assumingcells areprocessedbackto front, the additionof the
projectionof a cell changesanexistingpixel color I to anew pixel
color I � by theformula(compareEquation(4) in [31])

I � � 
 l

0
exp ��	�
 t

0
ρ � sl � u ��� du � κ � sl � t ��� ρ � sl � t ��� dt� ��� �

RGBt3D�
exp � 	�
 l

0
ρ � sl � t ��� dt �� ��� �

1 	 αt3D

� I

(1)

with theabbreviation

sl � x ��� s f
� x

l
� sb 	 s f ���

RGBt3D denotesthecolor components(notethatκ is a vector),
andαt3D the opacityof an entry in the 3D texture map. RGBt3D
andαt3D dependon thetexturecoordinatesl, s f , sb, andthetrans-
fer functionsκ and ρ. Thus, the texture map hasto be updated
whenever thetransferfunctionsaremodified.

It is an intrinsic limitation of our methodthat κ andρ have to
dependon the samescalarfield. However, we arenot limited to
this optical model; for examplethe model of Wilhelms and Van
Gelder [13, 29, 32] could be implementedby simply replacing
κ � sl � t ��� ρ � sl � t �
� by a differentialcolor vectorE � sl � t ��� (or g � sl � t ���
in thenotationof [13, 32]).



After thecalculationof thetexturemapin a preprocessingstep,
all tetrahedra� areprojectedfrom backto front. Beforerenderingthe
trianglesof oneprojectedtetrahedron,thethreetexturecoordinates
aresetfor eachvertex of thetriangles.Thenthey areblendedappro-
priately into theframebuffer. Theblendingoperationcorresponds
to

I � � RGBt3D
� � 1 	 αt3D � � I �

andis doneveryefficiently by today’s graphicshardware.
We give a syntheticexampleof this renderingmethodin Fig-

ure 3. Thescalarvaluesat theverticesof thevisualizedtetrahedral
mesharedeterminedby thedistanceof eachvertex to thesurfaceof
asphere.Thetransferfunctionof theopacityis 0 exceptfor asmall
interval, whichresultsin thetwo partiallyopaqueringsin Figure3.

In summaryourmethodallowsusto exploit hardware-supported
3D texturemappingin orderto renderprojectedtetrahedrawithout
theneedto doany timeconsumingcalculationsfor eachpixel. Our
approachis notasaccurateasray-castingalgorithmsor thehighac-
curacy (HIAC) volumerenderingsystemdescribedin [32] because
of limited texture memoryand non-lineartransformationsin the
caseof perspective projections.Especiallylimited texturememory
will limit thesizeof the3D texturemapresultingin a lessaccurate
resamplingof the transferfunctions.Within this limited accuracy,
however, arbitrarytransferfunctionsmaybeusedwithoutaffecting
therenderingtimes,whereastheperformanceof theHIAC system
dependscrucially on the chosentransferfunctions. In particular,
thin peaksarepossiblewithin our approachresultingin unshaded
isosurfacesasdemonstratedin theappendix.

Figure 3: Visualization of a
synthetic data set with non-
linear transferfunctionsimple-
mentedwith a 3D texture map
of dimensions64 � 64 � 64 (1
MB).

Figure 4: Samedataset as in
Figure 3 but renderedusing a
2D texture map of dimensions
256 � 256 (256KB). (SeeSec-
tion 4.)

4 A New Approximation for PT

As hardware-supported3D texturemappingis only availableon a
few graphicsworkstations,andthe 3D texture mapsthat areem-
ployedin Section3 needrathermuchtexturememory, we will de-
scribeanew approximationto therenderingof projectedtetrahedra
using2D texturemapping,which interpolatestheopacitylinearly.
However, this methodallows usto usearbitrarytransferfunctions,
while existing hardware-acceleratedsolutionsarelimited to linear
transferfunctionswithin eachcell (e.g.[24]).

The basicideais to approximatethe dependenciesof the inte-
gralsin Equation(1) on l by linear terms,andto implementthese
termsby amodulationof thevertex colors.Theremainingintegrals
dependonly on s f andsb, andcanthusbetabulatedin a2D texture
map.

Thedependenciesonl in Equation(1)becomemoreexplicit with
thevariablesubstitutionst ��� t � l andu � � u � l:

I � � l 
 1

0
exp ��	 l 
 t !

0
ρ � s1 � u � ��� du � �� κ � s1 � t � ��� ρ � s1 � t � ��� dt ��

exp � 	 l 
 1

0
ρ � s1 � t � �
� dt � � � I �

For l � 0 this equationreducesto I � � I. For given ρ, κ, s f and
sb we evaluatethe integrals for anothervalue l � l � const� and
extrapolatelinearly in l. The optimal choiceof l dependson the
particularapplicationbut settingl equalto the averagecell thick-
nesshasproven to bea goodapproximation.The2D texturemap
is definedby

RGBt2D � l 
 1

0
exp ��	 l 
 t !

0
ρ � s1 � u � ��� du � �� κ � s1 � t � �
� ρ � s1 � t � ��� dt � �

αt2D � 1 	 exp � 	 l 
 1

0
ρ � s1 � t � ��� dt � �

(2)

andis modulatedby colorsat theverticeswith theRGBα compo-
nentssetequalto � l � l � l � l � l � l � l � l � . In practicewearescalingthese
colorsby the maximumopacityvaluein the texture mapin order
to avoid clampingfor valuesl " l. This scalingis compensated
by multiplying the entriesin the texture mapwith the reciprocal
value. Thecombinedeffect of texturing andblendingwith appro-
priateblendingcoefficients(e.g.in OpenGLGL ONE for thesource
blendfactorandGL ONE MINUS SRC ALPHA for thedestination
blendfactor)is

I � � l

l
� RGBt2D

� � 1 	 l

l
� αt2D � � I �

which is our new approximationof Equation(1).
On theonehand,this approximationresultsin artifactsbecause

of the linear interpolation(see[24]), on theotherhand,theuseof
2D texturemappingenablesusto utilize largertexturemapscom-
paredwith the3D texturemapsemployedin Section3 resultingin
animprovedresamplingof thetransferfunctions.

Figure4 shows thesyntheticexamplefrom Figure 3 using2D
insteadof 3D texture mapping. The linear approximationresults
in slightly smalleropacitiesresultingin lighter colors, while the
improvedresamplingresultsin sharperedgesof thestructuresgen-
eratedby the transferfunctions. The middle imagein Figure13
representsan exampleof a 2D texture mapgenerateby Equation
(2).

Thefollowing sectionsdiscussan independentextensionof the
PT algorithm capableof displayingsmoothlyshadedisosurfaces
without vertex interpolations.Additionally, two methodsarepre-
sentedto combineprojectedtetrahedrawith opaqueisosurfaces.

5 Prior Work about Isosurfaces

For anin-depthintroductioninto currentresearchaboutisosurfaces
the readeris referredto [1]. Isosurfacesarean indispensabletool
in volumevisualization,althoughdirectvolumerenderingincludes
muchmoreinformationin onepicture. However, isosurfacesare
preferredfor many applicationsasthey areusuallymorecompre-
hensible. Thus,direct volumerenderingtechniquesareoften ex-
tendedwith isosurfacesin orderto combinetheadvantagesof both
techniques.



In their descriptionof thePT algorithm[21] Shirley andTuch-
mansuggestedto calculateisosurfacesbasedon a marchingtetra-
hedraalgorithmsimilar to the marchingcubesalgorithm[12, 34].
The combinationof thesealgorithmsmakes it possibleto render
isosurfaceswith any degreeof transparency asnotedin [21].

However, researchonmarchingcellsalgorithmsconcentratedon
reducingthenumberof cellstestedfor intersectionswith theisosur-
face[2, 3, 4, 11, 19, 20, 30] andonsimplifying thepolygonalmesh
representingtheisosurface[7, 10, 15,16,18].

Insteadof reducingthe numberof polygonspoint-basedalgo-
rithmsfor theextractionof isosurfaces[6, 9,17, 23] donotproduce
any polygons.Westermann’s multi-passalgorithmfor shadediso-
surfaces[28] alsodoesnot constructa polygonalrepresentationof
the isosurface. As our algorithm is basedon the sameidea, we
presentthecommonconceptin Section6 beforediscussingour al-
gorithmin Section7.

6 A Hardware-Accelerated Marching
Cells Algorithm

This sectiondiscussesa variantof the first passof Westermann’s
algorithmfor shadedisosurfacesin unstructuredgrids [28]. The
algorithmpresentedheresetsall pixels of the silhouetteof an in-
tersectionof anisosurfacewith a tetrahedralcell. Figure 5ashows
theresultingsilhouette,while Figures5band5cshow intermediate
stepsof thealgorithm.
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Figure5: Thepolygonof anisosurface(isovalue0.5)within atetra-
hedralcell (a) canbeobtainedby anXOR combinationof thetwo
pictures(b) and(c). (b) shows the partsof the backfacesof the
cell with scalarvaluelessthan0.5. (c) is theanalogueto (b) for the
front faces.

The first stepis to renderthosepartsof the back facesof the
cell wheretheinterpolatedscalarvalueis lessthantheisovalue(see
Figure5b). Utilizing OpenGLthiscanbeachievedby settingtheα-
componentsof thevertices’colorto thescalarvaluesandactivating
anappropriateα-test. Thenthefront facesarerenderedin exactly
the sameway, i.e. againonly thosepartsare renderedwherethe
interpolatedscalarvalueis lessthantheisovalue(seeFigure5c). By
combiningbothpictureswith anexclusive-OR(XOR) operationthe
correctsetof pixelsis obtained.UsingOpenGLanXOR operation
canbe realizedwith the helpof a 1-bit stencilbuffer by inverting
its contentswhenever apixel passestheα-test.

Note that the result is not sensitive to the orderof the polygon
rendering,i.e. thebackandfront facescouldberenderedin any or-
der. Theresultis alsothesameif theα-testis invertedfor all faces,
i.e. if thosepartsof the polygonsarerenderedwherethe interpo-
latedscalarvalueis greaterthantheisovalue.Westermann’s origi-
nal algorithmdiffers in sofar astheα-testis invertedfor theback
facesonly andthepicturesarecombinedwith anAND-operation.
However, this requiresadditionalpassesin orderto generateboth
facesof theisosurface.

In summarythisalgorithmrequirestherenderingof all front and
backfacesin orderto setthestencilbuffer andto rendereitherthe
front or thebackfacesoncemorefor flat-shadedisosurfaces.Thus,
for a tetrahedralcell five to seven triangleshave to be rendered,

while a polygonalrepresentationof theisosurfacein a tetrahedron
needsonly oneor two triangles.Therefore,theadvantageof inter-
polatingthescalardatawith thehelpof OpenGLhardwareis more
thancompensatedby theneedto renderadditionalpolygons.

Thesituationis, however, fundamentallydifferentin thecontext
of thePTalgorithmaswill bediscussedin thefollowing section.

7 Flat-Shaded Isosurfaces

As mentionedin Section2 the PT algorithm[21] triangulatesthe
projectionof tetrahedraasshown in Figure1. However, insteadof
referingto a triangulationof theprojectedsilhouetteinto triangles,
wecanaswell think of adecompositionof theoriginal tetrahedron
into smallertetrahedra,which areprojectedafter the decomposi-
tion. Theprojectionsof thesesmallertetrahedraareall of thesame
kind: Two facesaredegenerateandtheothertwo facesareprojected
ontothesame(non-degenerate)triangle. This observationenables
us to reducethe algorithmpresentedin Section6 to a single-pass
algorithmfor thesetetrahedrausing2D texturemapping.

As explainedin Section6 pixelsaresetif andonly if theinterpo-
latedscalarvalueof eitherthebackor thefront faceis lessthanthe
isovalue. As notedthe backandfront faceareprojectedonto the
sametriangle. Therefore,it is sufficient to renderthis triangleus-
ing a checkerboard-like, two-dimensionaltexturemapasshown in
theright-handcolumnof Figure6 with thetwo texturecoordinates
correspondingto theinterpolatedscalarvalueof thebackandfront
face,respectively. (Seetheappendixfor analternativederivationof
this2D texturemap.)
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Figure 6: Projectedtetrahedra(middle column) with flat-shaded
isosurfacesfor isovalues0.75(top row), 0.5 (middlerow), and0.3
(bottom row). The left-handcolumn shows the sametetrahedra
slightly rotatedwith scalardataat the vertices. Thesevaluesde-
fine the texture coordinatesincludedin the picturesof the actual
projectionsin the middle column. The right-handcolumnshows
thecorrespondingtexturemapsincludingthetrianglesin thespace
of texturecoordinates.

Thefirst texturecoordinatecorrespondsto thescalarvalueonthe
front faceandthesecondtexturecoordinateto thescalarvalueon
thebackface.As thescalardataareinterpolatedlinearly, thetexture



coordinatesshouldalsobeinterpolatedlinearly. Perspectivecorrec-
tionsof texturecoordinatesshould,therefore,be disabled.Actual
valuesof texturecoordinateshave to bespecifiedat theverticesof
the triangle and are determinedby the scalardatadefinedat the
verticesof theprojectedtetrahedron.(Seethe left-handcolumnin
Figure6 for thescalardatadefinedattheverticesof thetretrahedron
andthemiddlecolumnfor theresultingpairsof texturecoordinates
at theverticesof theprojectedtriangle.)If thescalardataarenot in
theappropriaterangefor texturecoordinates,thevalueshave to be
scaledaccordingly. However, this canbe donein a preprocessing
step.

The texture itself has to determinethe α-component,i.e. the
opacity, which hasto be1 for opaqueisosurfaceswhenever either
the first or the secondtexture coordinateis lessthanthe isovalue,
and0 otherwise(seethe right-handcolumnof Figure6). As this
passdoesnot allow any kind of smoothshading,we employ flat
shading,i.e. the RGB-componentsof the color of the triangleare
constant.

Unfortunately, edgesof isosurfacepatcheswithin triangles(see
themiddlecolumnof Figure6 for someexamples)will causeren-
deringartifactsasthereis nomechanismwhichalignsthemexactly
to the correspondingedgesin the projectedtetrahedrain front or
behind.We canavoid gapsby slightly modifying thetexturemap,
effectively ‘thickening’ theisosurface.Thiseliminatesartifactsfor
opaqueisosurfaces;for partially transparentisosurfaces,however,
this will visually enhanceedgesof the tetrahedralmeshby ren-
dering pixels twice. In fact theseedgeshelp to comprehendthe
three-dimensionalstructureof flat-shadedisosurfaces. Nonethe-
less,removing theseartifactsfor partially transparentisosurfaces
is anopenproblemandrequiresadditionalefforts in thefuture.

8 Smoothly Shaded Isosurfaces

Our algorithmfor smoothlyshadedisosurfacesis againa variant
of thecorrespondingpassesof Westermann’s algorithmfor shaded
isosurfacesin unstructuredgrids [28]; however, thereare several
crucialdifferences.For eachtrianglethestepsof ouralgorithmare:

1. Rendertheshadedbackfacetrianglerestrictedto the isosur-
facesilhouetteasdiscussedin Section7.

2. Repeattheprecedingstepfor thefront facetriangle.

3. Formtheweightedsumof thetwo pictures.

The weightsdiffer for eachpixel as they dependon the relative
distancesof the isosurfaceto the front andbackface,respectively
(seeFigure7). For reasonswhich will becomeclear in the next
paragraph,let α denotetheweightof a pixel of the front triangle.
Accordingto Figure7 theweightα is

α � siso 	 sb

s f 	 sb
for s f # siso # sb or s f " siso " sb

with the isovalue siso; s f and sb were definedin Section3. The
weightof a correspondingpixel on thebackfacetriangleis 1 	 α.
While weightsfor all pixelswerecalculatedin softwarein [28], we
arecalculatingtheweightedsumcompletelyin hardware.

We still usethe 2D texture mapof Section7 for the backface
trianglebut employ a modifiedversionof this texturemapfor the
front facetriangle.Thisnew texturemap(seeFigure8 for anexam-
ple) is modulatedwith theweightsα. As theoriginal texturemap
containsonly opacityvalues0 and1, this modulatedmapin fact
storestheweightsα � siso $ sb

s f $ sb
for the front facetriangle. (Remem-

ber that s f and sb arethe texture coordinatesandthat the texture
mapalreadydependson siso.) Thus, the weightsα in fact spec-
ify opacities.Usingthis texturemapwhenrenderingthefront face

s f sb

siso

Figure 7: Renderingsmoothly shadedisosurfaces by shading
the back and front facetriangle, and forming the weightedsum.
Weightsaresymbolizedby grayscalesandaredeterminedby the
relativedistancesof thefront andbackfacesto theisosurfacegiven
by � siso 	 sb ���%� s f 	 sb � and � siso 	 s f ���&� sb 	 s f � respectively.

triangle and blendingit appropriatelyonto the opaqueback face
trianglegenerates,therefore,thecorrectweightedsumof both tri-
angles.
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Figure 8: A 2D texture map
usedfor a front face triangle;
black correspondsto opacity1
(opaque), white to opacity 0
(transparent). It is a modula-
tion of thelower texturemapin
Figure6 with the weightsα �
siso $ sb
s f $ sb

andsiso � 0 � 3.
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Figure9: Thecorrectcombina-
tion of the texture mapsfrom
Figure 6 into a single texture
map for multiple isosurfaces.
(SeeSection9.)

Thus,our algorithmfor smoothlyshadedisosurfacescanbere-
formulatedin two passesfor eachtetrahedron:

1. Rendertheshadedbackfacetrianglerestrictedto the isosur-
facesilhouette.(SeeSection7.)

2. Blendtheshadedfront facetrianglemodulatedwith a texture
mapcontainingthe correctweightsonto thebackfacetrian-
gle.

Specialcarehasto be taken with verticesfrom the decompo-
sition of projectedtetrahedra,becausethey can result in artifacts
similar to thoseinducedby hangingnodes.Therefore,thecolor of
avertex insertedbetweentwoverticesof themeshhasto beequalto
thecolorgeneratedby thegraphicshardwareinterpolatingbetween
thesevertices.

The algorithmwasusedin Figure10 to renderseveral isosur-
facesof differentcolorsasexplainedin thefollowing section.



Figure 10: Several isosurfaces
extracted from the data set
shown in Figures3 and4.

Figure 11: Smooth combina-
tion of Figures4 and10. (See
Section10.)

9 Colored and Multiple Isosurfaces

The techniquespresentedin Sections7 and8 canbe extendedto
coloredandmultiple isosurfaces.Coloringcanbeachievedby set-
ting the vertex colorsto white andmodulatingthemwith colored
RGBα texturemaps.Thetwo facesof anisosurfacecanbecolored
independentlyby choosingdifferentcolorsfor texelswith s f " sb
ands f # sb respectively.

An exampleof a texture mapfor multiple isosurfacesis given
in Figure9, which shows thecombinationof the (colored)texture
mapsfrom Figure6. The‘visibility ordering’is easyto understand:
For s f # sb weview alongthegradientof thescalarfield, thusiso-
surfacesfor smallerisovaluesoccludethosefor greaterisovalues,
andviceversafor s f " sb.

Assumingthatall cellsarerendered,thenumberof isosurfaces
n in thetexturemapdoesnotaffect therenderingtime. For opaque
isosurfacesour methodsharesthis featurewith Westermann’s al-
gorithmfor multiple isosurfaces[26], while ray-castingapproaches
dependat leastlogarithmicallyon n. For partially transparentiso-
surfacesour methoddoesstill not dependon n while the depen-
dency of ray-castingapproacheschangesto n.

10 Mixing Isosurfaces with Projected Vol-
umes

It wasclaimedthatrenderingmixturesof opaquepolygonsandvol-
umetricdatais straightforward, e.g. in [8]. This claim, however,
doesnot apply to any cell projectingapproachincluding the PT
algorithm, sincespecialattentionhas to be paid to partially oc-
cludedcells. In [32] Williams et al. suggestto slice eachcell at
user-specifiedisovalues.Thetimecomplexity of thismethod,how-
ever, dependslinearly on thenumberof isosurfaces.As we noted
in Section9 thetime complexity of our algorithmdoesnot depend
onthenumberof isosurfaces;therefore,weproposetwo alternative
methodsof mixing isosurfacesandprojectedtetrahedra,which are
moreappropriatein thiscontext.

Thealgorithmpresentedin Section8 allows us to smoothlyin-
cludeprojectedtetrahedraby renderingthemafterthecorrespond-
ing backfacetriangleandbeforethefront facetriangle.Thisorder
ensuresthattheprojectedvolumeis completelyoccludedwherethe
front facetriangleis opaque,i.e. wheretheisosurfaceis in front of
the volume at the front face,and that the volume is not affected
wherethefront faceis transparent,i.e. wherethe isosurfaceis be-
hind thevolumeat thebackface.Figure 7 illustratesthis correla-
tion: Therelative thicknessof theoccludedpartof thetetrahedron
(white)correspondsto theweightof thefront face(left grayscale).

An exampleemploying thismethodis givenin Figure11,which
mixestheisosurfacesof Figure10 with theprojectedtetrahedraof
Figure4. More realisticexamplesarepresentedin Figures14, 16,
and17. Figure13 comprisesthethree2D texturemapsrequiredto
rendertheNASA Bluntfin dataset(Figure 14).

Although our approachavoids discontinuities,it is not com-
pletelyaccuratewith respectto correctray integration. Therefore,
we developeda morerigorousmethod.For opaqueisosurfacesthe
ray integrationin Equation(2), respectively Equation(1) if 3D tex-
turemappingis employed,hasto bestoppedassoonasoneof the
isovaluesis reached,i.e. for sl � t �'� siso (seeFigure 7). By ren-
deringthe isosurfacesfor eachtrianglefirst (eitherin onepassfor
flat-shadedisosurfacesor two passesfor smoothlyshadedisosur-
faces),followedby theprojectedvolumewith themodified2D or
3D texturemap,weareableto generateanaccuratepicture.

An exampleof a 2D texturemapgeneratedthisway is shown in
Figure 15 which correspondsto themiddle texture in Figure 13.
The isosurfacesmanifestthemselvesin transparentverticalstripes
which correspondto a scalarvalues f on the front faceof a tetra-
hedronslightly greaterthanoneof theisovalues.In Figure12 this
techniqueis usedto visualizetheopacityof thecorresponding3D
texturemapof Section 3.

Bothmethodspresentedin thissectioncanbegeneralizedto par-
tially transparentisosurfaces.

Figure12: Visualizationof theopacityof the3D texturemapthat
correspondsto the2D texturemapin Figure15. Theadditionaldi-
mensionparameterizesthelengthof theviewing raywithin a tetra-
hedralcell. Theisosurfacerepresentsopacityvaluesof 0.25.

11 Results

With hardware-acceleratedtexturemappingthedirectvolumeren-
deringmethodspresentedin Sections3 and4 areessentiallyasfast
asexisting implementationsof the PT algorithm. We emphasize
thattherenderingtimesfor our methodsis not affectedby thepar-
ticular transferfunctionsemployed.

Our extensionsof the PT algorithmare hard to comparewith
“non-PT” algorithmsfor directvolumerendering,e.g.approaches
basedon slicing, becausethe mosttime critical stepof thePT al-
gorithmis thesortingof thetetrahedra,which is notaffectedby the
extensionspresentedin thispaper.

Thealgorithmsfor therenderingof isosurfacesdescribedin Sec-
tions 7 and 8 dependon the correctsorting and decomposition
of thetetrahedralcells,while mostof thealgorithmsmentionedin
Section5 donotrequireany sortingor decompositionof tetrahedra.



Moreover, we did not attemptto reducethenumberof cells tested
for intersections( with the isosurface.Thus,mostof thealgorithms
mentionedin Section5 will usuallybe fasterthanour currentim-
plementationif usedto renderonly a singleisosurface. However,
asourworst-caserenderingtimedoesnotdependon thenumberof
isosurfaces,our methodwill outrunmostof theotheralgorithmsif
thenumberof isosurfacesis largeenough(seealsoTable1).

Moreover, our renderingalgorithmsgreatlybenefitfrom a com-
binationwith projectedvolumecellsasdescribedin Section10be-
causethesortinganddecompositionof tetrahedracanbereusedin
this scenario.Thus,the inclusionof isosurfacesin a visualization
applicationbasedon the PT algorithmis almostfor free. As the
renderingin our methodsincludesextractionandtriangulationof
theisosurface,therenderingtime (without sortinganddecomposi-
tion of tetrahedra)shouldbecomparedto thesumof theextraction,
triangulation,andrenderingtimesof otheralgorithms.Additional
efforts requiredby otheralgorithmsfor partially transparentisosur-
facesandmixing with volumecellsshouldalsobeconsideredin a
fair comparison.

no. isosurfaces no.cells flat-shaded smoothlyshaded
1 14,729 0.09sec. 0.22sec.
2 25,361 0.20sec. 0.41sec.

10 25,361 0.20sec. 0.41sec.

Table 1: Renderingtimes (including ‘extraction’ and ‘triangula-
tion’) for isosurfacesfrom theNASA bluntfindataset.Thenumber
of cellsrefersto thenumberof tetrahedraintersectedby at leastone
isosurface.Timingsfor thesortinganddecompositionof tetrahedra
arenot includedasthesestepsarealreadydoneby theoriginal PT
algorithmwithoutour extensions.

Therenderingtimesin Table1 wereobtainedonanOctaneMXE
with anMIPSR10K250MHz CPU.Theisosurfaceswereextracted
from theNASA bluntfindataset,whichwasconvertedinto 187,395
tetrahedra. An imagewith three isosurfacesis depictedin Fig-
ure 14. Clearly the renderingtimesfor flat-shadedisosurfacede-
pendon thenumberof intersectedtetrahedra(no double-counting)
insteadof thenumberof isosurfaces.Smoothlyshadedisosurfaces
requireabouttwice asmuchtime becausethebackandfront faces
have to berenderedseparately.

For a single,smoothlyshadedisosurfaceour renderingtime is
closeto the0.2secondsreportedby Westermannin [28]. Theren-
deringperformanceis comparableto the resultsof Wittenbrink in
[33].

12 Conclusion

We presenteda hardware-acceleratedbut accurateway of render-
ing projectedtetrahedrausing3D texturemapping.We expectthis
methodto becomemoreattrative as3D texturemappinghardware
becomesmorewidespread.As analternative we deriveda lessac-
curatemethodusing2D texturemapping.Bothmethodsallow usto
employ arbitrarytransferfunctions,which is importantfor several
volume visualizationtechniques,e.g. the extraction of unshaded
isosurfaceswith appropriatetransferfunctions.

A secondextensionto thePTalogrithmallowsusto rendermul-
tiple isosurfaceswhichmaybepartiallytransparent,colored,and/or
smoothlyshaded.Thegenerationof theseisosurfacesdoesnot re-
quiretheexplicit calculationof new verticesandneedsonly a frac-
tion of thecomputationtimeof thePTalgorithm.

Wehavealsodescribedtwomethodsto combineisosurfaceswith
projectedvolumecells. In this caseour approachto renderingiso-
surfacesratherthanextractingthemis muchfasterthantraditional
techniques.

Furthermore,weexpectthepossibilityof interactively rendering
dozensor hundredsof isosurfacesin combinationwith projected
volumecellsto beusefulfor visualizingdatasetswhicharelessef-
fectively visualizedby directvolumerendering,e.g.thedisplayof
multiple time surfacesin flow visualizationaspresentedby West-
ermann[26].

Finally, we would like to point out that our methodsareespe-
cially suited for low-level graphicsAPIs; therefore,they would
greatlybenefitfrom animplementationof thePTalgorithmin hard-
ware. In particularthe calculationof the verticesof the decom-
posedtetrahedraincludingtheinterpolationof gradientsandscalar
valuesat thenew verticescouldbetremendouslyaccelerated.Sup-
plementedwith an API that alsoincludesutility functionsfor the
generationof suitabletexture mapssucha hardware implementa-
tion of thePT algorithmwould allow programmersto quickly de-
velopvery fastandpowerful volumevisualizationapplicationsfor
structuredandunstructuredmeshes.
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Appendix

Thisappendixdemonstratestheextractionof unshadedisosurfaces
with the techniquepresentedin Section3 by choosingan appror-
iate transferfunction ρ. As a sideeffect the 2D texture mapsof
Section7 reveal themselvesasspecialcasesof the3D texturemap
of Section 3.

In order to extract the isosurfacefor an isovalue siso we have
to set ρ � s �'� 0 for s )� siso and “ρ � siso �'� ∞”. Formally, we set
ρ � s ��� Cδ � s 	 siso � with a largeconstantC andDirac’s deltafunc-
tion δ(x) (see[25]); multiple isosurfacescorrespondto a sumof
deltafunctions.As κ � siso � is constant,weareonly interestedin the
valueof α asdefinedin Equation(1):

1 	 α � exp � 	 
 l

0
ρ � sl � t ��� dt �

� exp � 	 
 l

0
Cδ � s f

� t
l
� sb 	 s f �*	 siso � dt �

� exp � 	 
 l

0
C ++++

l
sb 	 s f

++++ δ � t 	 l
siso 	 s f

sb 	 s f
� dt �

� exp � 	 C � H � siso 	 s f

sb 	 s f
� H � siso 	 sb

s f 	 sb
�,�

with C �-� C +++ l
sb $ s f +++ andtheHeavisidestepfunctionH � x � (see[25]).

Thus,for C . ∞ weobtain

α � H � siso 	 s f

sb 	 s f
� H � siso 	 sb

s f 	 sb
� �

which is independentof l. Thedependency on s f andsb is already
visualizedin the texture mapsshown in Figure6. Obviously, the
2D texturemapsusedin Section7 arein fact specialcasesof the
3D texturemapof Section3. However, thederivationpresentedin
Sections6 and7 appearsto bemoreintuitiveandcomprehensible.
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Figure13: These2D texturemapsof dimensions256 � 256wereusedto rendertheBluntfin datasetdepictedbelow. Theleft
andright textureswereemployedto renderthebackandfront facetriangles,whereastheprojectedvolumewasgeneratedby
the middle texture. The texels on the diagonalof this texture representthe transferfunctions. Black pixels in theseimages
correspondto completelytransparenttexels.

Figure14: Visualizationof the Bluntfin dataset with threeisosurfaces
mixedwith projectedtetrahedra.

Figure15: 2D texturemapcorrespond-
ing to the middle texture of Figure13
but with the integrationstoppedat the
isovalues.

Figure16: A visualizationof an MRI headscan.The iso-
surfacedepictssoft tissuelocatedin thecheeksandbehind
theeye balls.

Figure17: A CT scanof abonsai:Leavesarevisualizedby
direct volumerendering,while the trunk andthe branches
areshown by thebrown isosurface.


